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1. ¾'¿'À'Á :¶'Â�Ã�Ä'Å�Æ�13Ç�È�É�Ê�Ë�O�»�¼�7
Ì�Í�Î�Ï�Ð�Ñ�Ò�Ó�Ô xÖÕ�× ��Ø Ñ�Ò xÖÙ�Ú�Û	Ü	Ý 13Þ � v	ß�à�áâ'ã
M = −λdM

dt
, ä�å�æ v M(t) = M0e

−λ t;

2. ç'è'À'Á :
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é'ê &'ë'¶�Â�&�O�»�¼�7
Ì'Í'ì'í'î{ïdð	ñ xdò �

15 ó 1�ô `�bdõ�ö�ö n � 15 ó'£
3. ÷'ø'À'Á :Q'ù'X'ë'ú�û�X�ü�ý�O�»�¼ £Ì'Í 2

3
≈ 0.6666.

4. þ'ÿ'À'Á :��� �'�'����� K�� 1��
	��
��É�Ê�Ë�O�»�¼�7Ì'Í 2

3
≈ 0.6667.

� %'&'(')���1���� I'J�� §�É�� ½ »'¼�1�������»'¼�ë�	��'»�¼'7� � O���������»�¼�8
 � O�1"!�*�8 ¤$#&%�' O L(
1 �'� In = e−1

∫ 1

0
xnexdx,

¬�) � »'¼�7
*

: +�, î�-�. á$/ �
0 n 1�2�3�4 1�r
5�s t
6�7$8dá
9 . á
:�; 7

�<�=�> 1 . á �$? � xA@�B , 1�CD

F ′(x) = f(x),
v ∫

f(x)dx = F (x) +C i ∫ b

a
f(x)dx =

[
F (x)

]b
a

= F (b)−
F (a).E

F (x)
��F .�G � f(x)

xIH G � 7
J f(x)
x . á `�bda � � J f(x)

x
H G � 7ô Í�K

f(x)
xIH G � F (x) = u(x)v(v) = uv

��L -�G ��M . 1
N +
,î�O x . á ö�ö / � e á�9 . á
:�; L
D

(uv)′ = u′v + uv′,
L�P 0

x
J . á 1 v

∫
(uv)′dx =

∫
u′vdx+

∫
uv′dx =

∫
vdu+

∫
udv.Q�R�S v ∫

udv =
∫

(uv)′dx−
∫
vdu = uv −

∫
vdu,

C v'á�9 . á�:$; L
∫
udv = uv −

∫
vdu.
Í�K ��T . á 1"N ∫ b

a
udv =

[
uv
]b
a
−
∫ b

a
vdu.á�9 . á�:�;&U
V�W - e�X���Y J .�Z
[ r�J ? 1 Í

∫
ln xdx = x ln x−

∫
xd lnx = x ln x−

∫
x

1

x
dx = x ln x− x + C.\�]�^ 1 H G&_�K$` V$W R �$L -$G&_ x M .
ab

In = e−1
∫ 1

0
xndex = e−1

[
xnex

]1
0
− ne−1

∫ 1

0
xn−1exdx = e−1

[
xnex

]1
0
− nIn−1 =

1− nIn−1.c�d�e�f�g�h�i"j
k�l
m�n�o
I0 = e−1

∫ 1

0
exdx = 1− e−1;
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p n�o
e−1 = 1 + (−1) +

(−1)2

2!
+ · · ·+ (−1)k

k!
+ · · · .q�r

8 s ( t k = 7), u�v�w 4 x�y�z n�o�i"d
e−1 ≈ 0.3679. ({�|�}�~����&�
���&�
���
� a )
t I0 = 1− e−1 ≈ 0.6321.

j�k�d�e�f�n�o
�����
(A)




I0 = 0.6321

In = 1− nIn−1

(n = 1, 2, 3, · · ·)
n�o����������
�

( ��� P3 � 1-1 � 2 � 5 � i t�� (A)
����n�o

).

� 1-1(P3)

n In n In

0 0.6321 5 0.1480

1 0.3679 6 0.1120

2 0.2642 7 0.2160

3 0.2074 8 −0.728

4 0.1704 9 7.5520

�
n = 8 ��������� i"�$� � n
o��
�� �¡
¢ a£¥¤¥¦ i¨§

1=e0≤ex≤e (x ∈ [0, 1]),
d

e−1
∫ 1

0
xndx≤e−1

∫ 1

0
xnexdx=In≤e−1e

∫ 1

0
xndx,

t e−1

n+ 1
≤e−1

∫ 1

0
xnexdx=In≤

1

n+ 1
.

©�ª�«�¬ �
­

E0 = I0 − I0 ,
E1 = I1 − I1 = (1− 1I0)− (1− 1I0) = −1E0 ,

E2 = I2 − I2 = (1− 2I1)− (1− 2I1) = −2E1 = 2 · 1E0 ,

· · · ,
En = In − In = (1− nIn−1)− (1− nIn−1) = −nEn−1 = (−1)2n(n− 1)En−2 =

· · · = (−1)nn!E0.

t�®�¯�° n ±�²�³�±�´ a
µ
¶�·
¸
¹ ����n�o�i�º"» p½¼ n

I9. ¾ § e−1

n+ 1
≤ e−1

∫ 1

0
xnexdx =

In ≤
1

n+ 1
.
�

n = 9 � i
d e−1

10
≤ I9 ≤

1

10
.

¿�q
I9 ≈

1

2
(

1

10
+
e−1

10
) ≈ 0.0684.(À�ÁÃÂÅÄ�Æ ).
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j�k�d�Ç�e�f�n
o����
�
(B)





I∗9 = 0.0684

I∗n−1 =
1

n
(1− I∗n)

(n = 9, 8, · · · , 2, 1.)

n�o���� ¾ � �
� P3 � 1-1 � 3 � 6 � i t�� (B)
����n�o a

� 1-1(P3)

n In( � (A)
o

) I∗( � (B)
o

) n In( � (A)
o

) I∗( � (B)
o

)

0 ↓ 0.6321 0.6321 5 0.1480 0.1455

1 0.3679 0.3679 6 0.1120 0.1268

2 0.2642 0.2643 7 0.2160 0.1121

3 0.2074 0.2073 8 −0.728 0.1035

4 0.1704 0.1708 9 7.5520 ↑ 0.0684

È �¥É¥®¥¯ � ∣∣∣E∗
n−1

∣∣∣=
∣∣∣In−1−I∗n−1

∣∣∣=
∣∣∣∣
1

n
(1−In)− 1

n
(1−I∗n)

∣∣∣∣=
1

n

∣∣∣−(In−I∗n)
∣∣∣=

1

n

∣∣∣E∗
n

∣∣∣,Ê�Ë
∣∣∣E∗

n−2

∣∣∣=
1

n−1

∣∣∣E∗
n−1

∣∣∣=
1

(n− 1)n

∣∣∣E∗
n

∣∣∣, · · · ,
∣∣∣E∗

0

∣∣∣=
1

1

∣∣∣E∗
1

∣∣∣=
1

1 · 2

∣∣∣∣E
∗
2

∣∣∣=
1

1 · 2 · 3
∣∣∣E∗

3

∣∣∣= · · · = 1

n!

∣∣∣E∗
n

∣∣∣.
��� t�Ì E∗

9
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§ 3 Õ×ÖÙØ$Ú×Û×Ü×Ý
1.
©�ª�Þ�©�ª�ß

à�á
1: â x∗ ã�ä�å � x É ¸�æ�ç�è ��é ­ e∗ = x∗− x, ê ã�ä�å � x ë çè � x∗ Éíì�î ©�ª , ï�ê ©�ª . ð�ñ iò»�� e∗ > 0, ó�ê x∗ ã x Éíô�õ�ö÷

;
»��

e∗ < 0, ó�ê x∗ ã x Éùø�õ�ö ÷ .ú £�¦ i"§�j�û�ü�ý�þ
ÿ�� ä�å � x, � Ñ ®�¯ l Í k ¸�æ�¼ n ��é¸�� ¿�Ñ����  �g��
	��
�
d�
 ®
¯�É ¸
æ ¦�� i ê ã ©�ª�ß , ��� ε∗��� é ¸�� ÿ�� ç�è � x∗ � ®�¯�� ε∗, � ¿�Ñ ¼ n ä
å � x, t §
|x∗ − x| ≤ ε∗ ⇒ x∗ − ε∗ ≤ x ≤ x∗ + ε∗. ��� ��� ã � x = x∗ ± ε∗.

�
: (1) ®�¯�� þ�� ¸��

(2) ®�¯�ë�®�¯�� k
 ���� É�é
2. ��î ©�ª�Þ ��î ©�ª�ß
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� x = 10± 1, ε∗ = 1

y = 1000± 4, ε∗ = 4




���� å�!#"

t�®�¯���É�²�y þ Í�$�% Ç�& ç�è ��É('�)�*�+ .

à�á
2:
­

e∗r =
e∗

x
=
x∗ − x
x

, ê ã x∗ É,��î ©�ª .

­
ε∗r =

ε∗

x
, ê ã x∗ É-��î ©�ª�ß .

�
: (1)

£�¤/.10�2
x ��� x∗

f�3 �
(2) 4�5�®�¯ � 4�5
®�¯�� k�6���� É�é
3. 7�8�9�:
(1) ;�<�®�¯�ë�®�¯���É g�h é� â ��= z k?> ;�@�<�A d�
 É ç�è � �

0.000980, 980, 8.000, 241.853B�C 4�D�É�®�¯���ép�E�F
ç
è � x∗ = 0.000980, â
®
¯�� ã ε∗, ó ä
å � x D�G »
��HI �
0.000980− ε∗ ≤ x ≤ 0.000980 + ε∗, t 0.000979? ≤ x < 0.000980?��� > ;�@�<�J
ó i"d
�
0.0009795 ≤ x < 0.0009805,

t x = x∗ ± 0.0000005, ®�¯�� ã ε∗ = 0.0000005 =
1

2
× 10−6.Ê�Ë i â x∗ = 980, ó ä�å � x D�G »���H I �

979.5 ≤ x < 980.5

t x = x∗ ± 0.5, ®�¯�� ã ε∗ = 0.5 =
1

2
× 100.Ê�Ë i â x∗ = 241.853, ó ä�å � x D�G »���H I �

241.8525 ≤ x < 241.8535

t x = x∗ ± 0.0005, ®�¯�� ã ε∗ = 0.0005 =
1

2
× 10−3.K�L i µ�M�ç�è � k v�w n x�y�z�� d�i ó�N�ë ä�å ��É�®�¯�� ã �

ε∗ =
1

2
× 10−n.û�ü�O�O�l�g�P�Q � n x 
 � ¸�æ�R�S z�x L?T É
z�U
é j�k ¿$ÑV�W �

5



(2)
 �X z�Uà�á

3:
µ�ç�è � x∗ É�®�¯�� ε∗

k
x∗ Y�Z�[�\�] É M�¸ z
x�É�^ æ�_ x

( t ε∗ =
1

2
× 10−n), ó Q�` x ( t�� n x )



x∗ É�� ¸�æ�R�S z�x L?T É�z

U�ê ã x∗ É,7�8�9�: , a�ê x∗ b   n x,7�8�9�: .º�»�i
0.000980 É�®�¯�� k � 6 x�É�^ æ�_ x i ó Q�` x 
 � ¸�æ�RS z   3 x  �X z�U�éÈ � 0.000980 = 9.80× 10−4, ³ ε∗ =

1

2
× 10−6 =

1

2
× 10−4−3+1;Ê1c i

241.853 É�®�¯�� k � 3 x�É�^ æ�_ x i ó Q�` x 
 � ¸�æ�R�S z 
6 x  �X z�U�é È � 241.853 = 2.41853×102, ³ ε∗ =

1

2
×10−3 =

1

2
×102−6+1.È ����i µ�ç
è � x∗

> ;�@�<�A Y�Z�[�\�] É � z ��d����
x∗ = ±a1.a2 · · ·an×10m = ±10m×(a1+a2×10−1+· · ·+an×10−(n−1)) (a1 6= 0)

ó�®�¯�� ã � ε∗ =
1

2
× 10m−n+1,

 �X z�U ã a1, a2, · · · , an.

à�e µ
x É ç�è � x∗ É � z ����f�»
�

x∗ = ±a1.a2 · · ·an × 10m (a1 6= 0, a2, · · · , an

k
0 ∼ 9

L/T É�z�U ),

t x∗ b   n x  �X z�U i ó x∗ É�4�5�®�¯�� � ε∗r ≤
1

2a1
× 10−(n−1).

Ç L i µ�ç�è � x∗ É�4�5�®�¯�� ε∗r g�h � ε∗r ≤
1

2(a1 + 1)
× 10−(n−1),

ó x∗ i�j�b   n x  �X z�U�ékml n p  
|x∗−x| ≤ ε∗=

1

2
×10m−n+1, u § x∗ = ±a1.a2 · · ·an × 10m, o

a1×10m ≤ |x∗|,

ó�4�5�®�¯�� � ε∗r =
ε∗

|x∗| ≤
1
2
× 10m−n+1

a1 × 10m
≤ 1

2a1
× 10−(n−1) (

l ë n
 �g

).

Ç L i â x∗ = ±a1.a2a3 · · · × 10m, ó |x∗| ≤ (a1 + 1)× 10m,

u §1p�q ε∗r ≤
1

2(a1+1)
× 10−(n−1), o

|x∗ − x| = |x∗| · ε∗r ≤ (a1 + 1)× 10m · 1

2(a1 + 1)
× 10−(n−1) ≤ 1

2
× 10m−n+1.

t x∗ i�j�b   n x  �X z�U�é k�r
� s Ì √20 É ç�è ��É�4�5�®
¯��
y j 0.1%, D q�t x  �X z�U "u â�D q n x  �X z�U�é § V Ë É�v �&i ε∗r≤

1

2a1
×10−(n−1), ³ √20=4.???.

t a1=4.w 1

2 · 4 × 10−n+1 ≤ 0.1%, x�o 10n ≥ 1250, y q n = 4 t ¿ é
6



4. 9 ÷�z�{�| ©�ª�}�~
(1) â�� æ�ç�è � x∗1 � x∗2

��� ®�¯�� 0 ñ ã ε(x∗1) � ε(x∗1), ó > ó��o A �
ε(x∗1 ± x∗2) ≈ ε(x∗1) + ε(x∗2) ( ��� þ Í�q “− ” � i�����  ® );

ε(x∗1 · x∗2) ≈ |x∗1|ε(x∗2) + |x∗2|ε(x∗1);

ε(x∗1/x
∗
2) ≈

|x∗1|ε(x∗2) + |x∗2|ε(x∗1)
|x∗2|2

=
ε(x∗1 · x∗2)
|x∗2|2

;

( v �1� è j�� z
É > ó�� o )

(2) â f(x)
k ¸���� z�é µ x∗

k
x É ç�è � i ó f(x∗) � k f(x) É çè � i � ®�¯�� ­ ε(f(x∗)).

§1������� . � V Ë i
 

f(x)− f(x∗) = f ′(ξ)(x− x∗), ξ � j x ë x∗
L/T

.

ó
ε(f(x∗)) ≈ |f ′(x∗)|ε(x∗).

(3) â f(x1, x2, · · · , xn)
k

n
��� z i x1 , x2, · · · , xn É ç¥è � ­ ã x∗1, x

∗
2, · · · , x∗n,ó������ ��� z�������z���� i o

ε(f(x∗1, x
∗
2, · · · , x∗n)) ≈

n∑

i=1

|f ′
xi

(x∗1, x
∗
2, · · · , x∗n)|ε(x∗i ).

� M�� f������
l = 110 � i�  d = 80 � i â l, d É�®�¯�� 0 ñ ã 0.2 �

� 0.1 � i C�¡�¢ s = ld É�£�5�®�¯�� � 4�5�®
¯��
éu â s = f(l, d) = ld, ó f ′
l (l, d) = d, f ′

d(l, d) = l,
j�k

ε(s∗) ≈ |d∗|ε(l∗) + |l∗|ε(d∗) = 80× 0.2 + 110× 0.1 = 27m2.

εr(s
∗) =

ε(s∗)

|s∗| =
ε(s∗)

|l∗d∗| ≈
27

8800
= 0.31%.

§ 4 ¤¦¥¦§¦¨(©
Õ×Ö«ª«¬,­«®«¯«°²±,³
1. ´�µ�¶�·�¸
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¹�º�»�¼�½�¾�¿�À�ÁÃÂ�Ä�Å�Å�Æ�Ç�Á�È�É�Ê�Ë
Ì�Í�Î�¹�Ï�Ç�Á�Ð�ÑÒ�Ó�Ô�Õ�Ö�×�Ø�Õ�Ö�Ù Ç�Á�Ê�¾�½�Ú�Û�Ñ Ò Ú�Ü ×ÞÝ Ñ Ò�ß�à�á�â�Ø�ãä Ë�å1æ ×�ç�è�é�ê�Õ�Ö ½�ë�ì�í�î ×�ï�ð�ñ Ç�Á�ò�ó�½�Ñ�ô�õ�Ë
2. ö�÷�ø�ù�ú�û�ü�ý�¶�þ�ÿ��
(1)
����� ö�¶�����÷�	�	�
���� � ö�¶ ��
 Ë���

0 < |y| << |x| � × x

y
½ Õ�Ö���� Ü ( ��� P9- � 6).

(2)
��������� ö ��� Ë

� x∗1 = 532.65, x∗2 = 532.52. Ð�� 5 � ����¾���Ë�� x∗1 − x∗2 = 0.13,  � 2 �����¾�� ( ��� P10- � 7).

(3)
����! ö “ "�# ” 
�ö Ë���
|y| << |x| � × x + y Ñ Ò�$�% x,

�
y & “ ')( ” * Ë

(4) +�,�-�.�ø�ù�/�0 ×1��2�3 ù�4�ö Ë5�6�7�8 ½�9�Ç�Á�Ê�¾�: ä ½�À�Á�;�< ×1=�> Ñ ï�?�@ À�Á�A�½�À
Á �CB ×�D Ñ ã ä Ì�Í�À�ÁFE Ó�Ô ½�G�H Õ�Ö Ë1I Ý�J ¾�¿�À�Á � ç�èK�L ½�¹�M�N�O�Ë
� À�Á � Pn(x) = anx

n + an−1x
n−1 + · · ·+ a1x + a0.P�Q�R À�Á�Î�º akx

k (k ≥ 1) S�T º ß Û ×1U Æ�V
n+ (n− 1) + · · ·+ 2 + 1 =

n(n + 1)

2

Ê�W�<�X n Ê�Û�<�Ë Ø�Y�Z�[�\ Á�< �



Sn = an,

Sn−1 = xSn + an−1 = anx+ an−1,

Sn−2 = xSn−1 + an−2 = anx
2 + an−1x + an−2,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
S1 = xS2 + a1 = anx

n−1 + an−1x
n−2 + · · ·+ a1,

S0 = xS1 + a0 = anx
n + an−1x

n−1 + · · ·+ a1x + a0,

Pn(x) = S0.O  �]�^_* n Ê�W�<�X n Ê�Û�<�Ë
`Facbcd

(P12)e�f�g�h�i �
8



j�k�l
x∗ mon�p�q�r�s�n�p�t�u�v�w e(x∗) q er(x

∗).x_y)z
f(x∗) mon�p�q�r�s�n�p�t�u�v�w e(f(x∗)) q er(f(x∗)).{
er(x

∗) =
e(x∗)

x∗
, er(f(x∗)) =

e(f(x∗))

f(x∗)
.|�} × y)z

f(x∗) mon�p�~_��� e(f(x∗)) ≈ |f ′(x∗)|e(x∗).

1.
Q�R��

e(ln x∗) ≈ |(ln x∗)′|e(x∗) =
1

|x∗|e(x
∗) = er(x

∗) = δ.

2. Ì e((x∗)n) ≈ |((x∗)n)′|e(x∗) = n(x∗)n−1e(x∗),
�

er((x
∗)n) =

e((x∗)n)

(x∗)n
=
n(x∗)n−1e(x∗)

(x∗)n
=
ne(x∗)

x∗
= ner(x

∗) = 0.02n.

3. x∗1=1.1021 � 5 � ����¾���� x∗2=0.031 � 2 � ����¾����
x∗3=385.6 � 4 � ����¾���� x∗2=56.430 � 5 � ����¾����
x∗5=7×1.0 � 1 � ����¾�� × I J å % �
ε(x∗5) = ε(7×1.0) = 7 ε(1.0)+1.0 ε(7) = 7×0.05+1.0×0.5 = 0.35+0.5 ≈ 0.5.

5. �)������� V ������� R ½���¾���� J � V (R) =
4

3
πR3, O

εr(V (R∗))=
ε(V (R∗))

V (R)
≈|V

′(R∗)|ε(R∗)

V (R)
=

4π(R∗)2ε(R∗)
4
3
πR3

≈3
ε(R∗)

R
=3εr(R

∗)=1%⇒ εr(R
∗)=

1

300
.

8.
[ ó������ - ����������� À�Á × �
∫ N+1

N

1

1 + x2
dx =

[
arc tan x

]N+1

N
= arc tan(N + 1)− arc tanN.=�� � å % � N ��� Ü � × arc tan(N + 1) X arc tanN

J�����ß�� ½��� ¾ ×�ç�è� �¡ Q�R ß�ã Ë
Ñ�¢���£ ��� E�¿�£�¤ � ∫ b

a
f(x)dx = f(ξ)(b− a), ξ ∈ [a, b]� ∫ N+1

N

1

1 + x2
dx =

1

1 + ξ2
[(N + 1)−N ] ≈ 1

N2
.

12.
[ ó Z�¥�ð ¿ x =

√
2, O (

√
2− 1)6 � 1

(
√

2 + 1)6 ¦�§ ß�¨ Ë©
f1(x) = (x− 1)6, f2(x) =

1

(x + 1)6
, O

f1(
√

2) = (
√

2− 1)6, f2(
√

2) =
1

(
√

2 + 1)6
.

I � ×�[ ó Z���� ¿ x∗ = 1.4, O f1(x
∗) ½ Õ�Ö�ª�%

ε(f1(x
∗)) ≈ |f ′

1(x
∗)|ε(x∗) = |6(x∗ − 1)5|ε(x∗).

9



Ø
f2(x

∗) ½ Õ�Ö�ª�%
ε(f2(x

∗)) ≈ |f ′
2(x

∗)|ε(x∗) =
∣∣∣

6

(x∗ − 1)7

∣∣∣ε(x∗).« æ ×�¬ : � M Õ�Ö�ª ε(f1(x
∗)) � ε(f2(x

∗)) ½�Ü�­ ×®�¯�° ×  UF¬ : |6(1.4 − 1)5| � ∣∣∣
6

(1.4− 1)7

∣∣∣ ½�Ü�­ � Ñ �²±�³ ¹�M
ò�ó�´�µ�Ë

10



¶ · ¸ ¹ º »

§ 1 ¼F½
1. ´�µ�·�¸¾ ¯�¿�À �CE × ¹�M�£�Á ¾FÂ B [a, b]

° ½���¾ y = f(x) Ã�Ä ��Å�ÆÇ �²È�É�Ê
.�Ë�Ì�¶�Í�ÎCÏ�Ð�¶�ö�Ñ�Ò�Ó ËÔ Ü�Õ�Ö�× × I�ØFÙ ¾ ½�¾�Ú���� J�Û�Ü�Ý�¾ ½ × ��Þ J�ß�à�Ò�=Ò�¥�ð ��± ��á y = f(x) â Æ�ã � �ä�å ��±�æ O ∀ x ∈ [a, b], ç ��è�ä ð £ â�é y = f(x) ��ê�ë À�ìí�î æ ¾ ¯�¿�À�ïCð æ ß�à�ñ�ñ�ò�ó�ô�õ y = f(x) â÷ö�øúù ã�û üý�þ�ÿ

(1) �����������	��
�� y = f(x)?

(2) 
�� ï����������������� æ�����
�� ô�õ 
�� y = f(x)  �! ��"�#�$�%�� é
yi = f(xi) (xi ∈ [a, b], i = 0, 1, · · · , n),î�&�' $�%�� 
���é y = f(x) ( ��) ��é�*�+�,�-�.�/�0�1 ì
2. 2�3�4�56 ô 
�� y = f(x)  	7�8 [a, b]

%�9�:�;=<�> ô�õ
[a, b]
%

n+ 1 ? $ ÿ
a ≤ x0 < x1 < · · · < xn ≤ b

@ & 
���é ÿ yi = f(xi) (i = 0, 1, · · · , n). ����� f(x)?A�B�C�D 
�� f(x) E�*�+ ó �GF ��;IH � > -���J�?�.�/�
���F�K
. f(x).L�M ����N�O�P�Q�R M�S�T � 
���U�V�.�/�
���W �X ��
�� ex, Y�Z�[�
�� sin x, cos x \ í�]�^ ;�<�_ ó -�`�a�b�c ìd�e (�E	fGV d � 
�� � é _ ó E�gGh���+�-�*�+ ��ì
J�i�jlk�m�n�o�p P (x) = a0 + a1x + · · ·+ an−1x

n−1 + anx
n U�V�.�/�


� ; ò�q
P (xi) = yi = f(xi) (i = 0, 1, · · · , n) (1.1)d�r�s

P (x) Vt2�3�k�m�n ,
s

x0, x1, · · · , xn Vt2�3�u�v ,
s

[a, b] Vw2
3�x�y , z û (1.1)

s V�2�3�{�| ,
H�ï���}�~ s 2�3�5 .
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§ 2 �����������
1. 2�3�k�m�n�������������������
1 � y = f(x)  [a, b]

%
n+1 ? ó	� $ xi

� j���V yi (i = 0, 1, 2, · · · , n),

h��� ���J ��� � ó�� ) n
��� ����� û P (x) = a0 + a1x + · · ·+ anx

n,
q

P (xi) = yi = f(xi) (i = 0, 1, 2, · · · , n).

��� A
P (xi) = yi (i = 0, 1, 2, · · · , n), 0





a0 + a1x0 + · · ·+ anx
n
0 = y0

a0 + a1x1 + · · ·+ anx
n
1 = y1

· · · · · · · · · · · · · · · · · · · · ·
a0 + a1xn + · · ·+ anx

n
n = yn

(2.1)

d�r ;
1, xi, x

2
i , · · · , xn

i � yi (i = 0, 1, 2, · · · , n) V 6 ô ;�H � (2.1) ����E
J�?�  B a0, a1, · · · , an

�
n+ 1 ¡�¢�£ }�¤�¥�ì AGB &�¦ ��§�¨ û V

∣∣∣∣∣∣∣∣∣∣∣∣

1 x0 x2
0 · · · xn

0

1 x1 x2
1 · · · xn

1

· · · · · · · · · · · · · · ·
1 xn x2

n · · · xn
n

∣∣∣∣∣∣∣∣∣∣∣∣

=
∏

i<j

(xi − xj) 6= 0.

©�ª ¢�£�«�� ��¬®­�¯�~ h ;°}�¤ (2.1) �� ���J�J ¥�± a0, a1, · · · , an, ²³�ì
AGB ±�}�¤�¥

(2.1)
ó <�´�µ�; î�¶�·�¸ ��0�1 ai � xi, yi ¹ 8 ��º»   ¦ ;�H � 9�¼ 1

> -�½	¾� ¼�¿�%�ì � ¦ � a0, a1, · · · , an À 0�Á�Â�Ã]�Ä ��}�~�ì
2. Å���2�3���Æ�Ç�2�3È�É�Ê

n Ë�Ì�Í ��Î�Ï ÿ
(1) Ð n = 1

r ;�>��
2 ?�Ñ $ x0, x1.

d�r � ����� û P (x) = a0 + a1xE�J ��º ¢ ( Ò ·ÔÓ Å���2�3 ), Õ�Ö P (x0) = y0, P (x1) = y1. h A “ ×�v�n
”, 0

y =
y1 − y0

x1 − x0
(x− x0) + y0.

⇒ a1 =
y1 − y0

x1 − x0

, a0 =
y0x1 − y1x0

x1 − x0

.

12



(2) Ð n = 2
r ;

3 ?ØÑ $ x0, x1, x2.
dØr � �Ø�Ø� û P (x) = a0+a1x+a2x

2

E�J ��Ù�Ú ¢ ( Ò ·	Ó Æ�Ç�2�3 ), Õ�Ö P (x0) = y0, P (x1) = y1, P (x2) = y2.� D ;
3
$ 
�Û 9 J ��Ù�Ú ¢ ;°< *�+�Ü�Ð�Ý�Þ ì°ß q�à�á 0�1 ;

À � n = 3 â n = 4, z�z ;�H ��ã�ä�å�æ }�~�ìç®è®é®ê²ÿ ë
P (x) ì n íïî°ðïñ ;�ò x0 ì®ó®ô P (x) = 0 õ÷ö ;�ø

P (x0) = 0, ù P (x) = (x− x0)Q(x), ú�û Q(x) ì n− 1 í	î�ð	ñ�üd�r ��� È	ý )�þ�ÿ���� n = 1
��Î�Ï�;���� -�����Á�Â�	 ��}�~ ü
��

x0, x1

d�� ?�Ñ $�; ����� ~�
�� � ?�J � 
�� l0(x) â l1(x),
q

0
l0(x) =





1 Ð x = x0

0 Ð x = x1

l1(x) =





0 Ð x = x0

1 Ð x = x1

����� � d���� ?�J � 
����� ; h�j
P (x) = y0l0(x) + y1l1(x),

P (x) ��E�J � 
�� ;�� ¶�������õ P (x0) = y0, P (x1) = y1.� A � ����� û � ��J�£ ; P (x)
ß V H ��ü

��� É�Ê � ?�J � 
�� l0(x) â l1(x)
��
�� ÿ

È A
l0(x1) = 0⇒ l0(x) = (x− x1)Q(x).<

l0(x) EØJ � 
Ø� ; H � Q(x)
> -ØE � � ;�� V c,

ß
l0(x) = (x−x1)c.� A

l0(x0) = (x0 − x1)c = 1⇒ c =
1

x0 − x1

⇒ l0(x) =
x− x1

x0 − x1

.

� ¼
l1(x) =

x− x0

x1 − x0

. ���
P (x) = y0l0(x) + y1l1(x) = y0

x− x1

x0 − x1
+ y1

x− x0

x1 − x0
.

 �!�" d�� ?�
�� l0(x) â l1(x) #� �$ ; ��� s�% �®V &�o�p�ü &�' $E ÿ
�)(�*�+�,���u�v�-�.�3�/ 1, ��0���u�v�-�.�3�/ 0.

ù�1 %�2�; Ð n = 1
r�3�4 
���*�+ P (x) Ë “

� $ û ” 5�Ý�Þ � ü� É�Ê
n = 2

Î�Ï�; d�r
P (x) = a0 + a1x + a2x

2 E�6 � 
�� ;7� ¶ �
Z�?�Ñ $ x0, x1, x2, f�a�������( 
�� Z�?�6 � 4 
�� l0(x), l1(x), l2(x),

�
q % �� �8:9 � N � Ñ $�% j���V 1, �� �; � Ñ $�% j���V 0, <
l0(x) =





1 Ð x = x0

0 Ð x = x1, x2

l1(x) =





1 Ð x = x1

0 Ð x = x0, x2

l2(x) =





1 Ð x = x2

0 Ð x = x0, x1

13



= � É�Ê d Z�?�6 � 4�>�? l0(x), l1(x) â l2(x) @ 
���AB�C
l0(x1) = l0(x2) = 0⇒ l0(x) = (x− x1)(x− x2) · c.

� B
l0(x0) = (x0 − x1)(x0 − x2) · c = 1

⇒ c =
1

(x0 − x1)(x0 − x2)
⇒ l0(x) =

(x− x1)(x− x2)

(x0 − x1)(x0 − x2)
.

D ¼
l1(x) =

(x− x0)(x− x2)

(x1 − x0)(x1 − x2)
, l2(x) =

(x− x0)(x− x1)

(x2 − x0)(x2 − x1)
.

���
P (x) = y0l0(x) + y1l1(x) + y2l2(x) =





y0 Ð x = x0;

y1 Ð x = x1;

y2 Ð x = x2.

Ð n = 3, 4 @ Î�Ï�E�F�G�H�I�J�K�L�M�N�O�P=�Q�R�S�T�U�V�W�X @ n Y�Z�[ P
3. \�]�^)_a`�b�c�d�ef�g
1 h n i M�N�O lj(x) (j = 0, 1, 2, · · · , n) j n + 1 k�l�m x0, x1, · · · , xn no�p�q

lj(xi) =





1 r i = j ;

0 r i 6= j .s�t
l0(x), l1(x), · · · , ln(x) u�l�m x0, x1, · · · , xn n @ n v�`�b�w�x�y .

u�z�{�|�} >~?�� E��~����� S @���m P���� n � V C�� k~} >�?
lj(x), � xj � ��� � l�m ( ����� n k ) ��� � @���m ��� ��� � n i ���� �����������

lj(x) = (x− x0) · · · (x− xj−1)(x− xj+1) · · · (x− xn) · c.

� B
lj(xj) = (xj − x0) · · · (xj − xj−1)(xj − xj+1) · · · (xj − xn) · c = 1,

T�U I

lj(x) =
(x− x0) · · · (x− xj−1)(x− xj+1) · · · (x− xn)

(xj − x0) · · · (xj − xj−1)(xj − xj+1) · · · (xj − xn)
.

f�g
2 l0(x), l1(x), · · · , ln(x) @���� D n ��� Ln(x) =

n∑
j=0

yjlj(x).t u�\�]�^)_a`�b�c�d�e . {�  Ln(xi) =
n∑

j=0
yjlj(xi) = yi.¡

Ln(x)
o�p K�L�¢�£�P

14



¤
: n ¥�¦�§�¨�©«ª Ln(x) ¬a¥�­�®�¯±°�² n. ³�´ �«µ n = 2 ¶ � ´�·�¸¹
(x0, y0), (x1, y1), (x2, y2) º�» �½¼�¾�¿ ¸ ¹ ¬À¦�§Á¨½©«ª L2(x) Â�Ã�¥�Ä­ P
h�Å�Æ ��Ç ωn+1(x) = (x− x0)(x− x1) · · · (x− xn),s
ω ′

n+1(x) =
[
(x− x0) · · · (x− xj−1)(x− xj+1) · · · (x− xn)

]′ · (x− xj)

+
[
(x− x0) · · · (x− xj−1)(x− xj+1) · · · (x− xn)

]
· (x− xj)

′.È
x = xj Æ ω ′

n+1(x),
I

ω ′
n+1(xj) = (xj − x0) · · · (xj − xj−1)(xj − xj+1) · · · (xj − xn).

¡
lj(x) =

ωn+1(x)

(x− xj)ω ′
n+1(xj)

.

É�Ê
Ë @���Ì�Í G Z�[ ( ÎÁÏÑÐ�Ò )

W k�����jÁÓ�Ô [a, b] n�Õ�Ö�×�Ø�Ù
f(x), Ú�Û

×�Ü K�L�¢�£�� yi = f(xi) (xi ∈ [a, b], i = 0, 1, · · · , n).W�X�Ý
n v�c�d�e P (x) = a0 + a1x + · · ·+ an−1x

n−1 + anx
n Þ u�ß�Í Ø

Ù � à
f(x) ≈ P (x) = a0 + a1x+ · · ·+ an−1x

n−1 + anx
n.á�C

P (x) Ì o�p K�L�¢�£�� P (xi) = yi = f(xi) (i = 0, 1, · · · , n)s
P (x) â Wäã j �æå E�ç�è�é�ê�ë�ì)íaK�L�M�N�O Ln(x) =

n∑
j=0

yjlj(x),

��î
lj(x) =

(x− x0) · · · (x− xj−1)(x− xj+1) · · · (x− xn)

(xj − x0) · · · (xj − xj−1)(xj − xj+1) · · · (xj − xn)

=
ωn+1(x)

(x− xj)ω′
n+1(xj)

, ωn+1(x) = (x− x0)(x− x1) · · · (x− xn).

U�Q Y Õ�ï½ð ��Ì�Z�[�ß�Í Õ�ñ�ò � à f(x) = Ln(x) + ? R(x).

4. `�b�ó�d��ô K�L�õ�N ��ö~÷ Ln(x) ß�Í f(x)   Õ�ñ�ò �7� u R(x) = f(x) −
Ln(x),

å � � Q ��ø �f�ù
2

Û
f (n)(x) j [a, b] n�ú�û � f (n+1)(x) j (a, b) ü ã j � l�m

a ≤ x0 < x1 < · · · < xn ≤ b,
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Ln(x) � o�p K�L�¢�£ Õ K�L Ø�Ù � à Ln(x) =
n∑

j=0
f(xj)lj(x),��î

lj(x) =
(x− x0) · · · (x− xj−1)(x− xj+1) · · · (x− xn)

(xj − x0) · · · (xj − xj−1)(xj − xj+1) · · · (xj − xn)
=

ωn+1(x)

(x− xj)ω′
n+1(xj)

.�
ωn+1(x) = (x− x0)(x− x1) · · · (x− xn).s K�L�õ�N��
R(x) = f(x)− Ln(x) =

f (n+1)(ξ)

(n+ 1)!
ωn+1(x),

��î
ξ ∈ (a, b) ý�þ�ÿ C x.É�Ê

“ ��� f�ù ”Û
(1) f(x) j [a, b] n�ú�û��
(2) f(x) j (a, b) ü E�� �
(3) f(a) = f(b).

-

6

O

y

xa b

r rf(a) f(b)

q

ξ

s ã j ξ ∈ (a, b), � f ′(ξ) = 0.���
1

Ú�Û
f(x) j [a, b] n�� � 1 	 � Ù å � 2 k���m �s

f ′(x) j (a, b) ü�
���� 1 k���m P

�� Û

x0 < x1 � f(x) j [a, b] n�Õ 2 k���m � s f(x0) = f(x1) = 0. {
  R�S E � j��«Ó�Ô [x0, x1] n ÷ W i�������ø ��� � ã j ξ ∈ (x0, x1), �
f ′(ξ) = 0, ��� f ′(x) j (x0, x1) ⊆ (a, b) ü�
���� 1 k���m P���

2

Ú�Û
f(x) j [a, b] n�� � n+ 1 	 � Ù å � n+ 2 k���m � s

(1) f ′(x) j (a, b) ü�
���� n+ 1 k���m �
(2) f ′′(x) j (a, b) ü�
���� n k���m �
(3) f ′′′(x) j (a, b) ü�
���� n− 1 k���m �
· · · · · · · · · · · · · · · · · · · · ·
(n) f (n)(x) j (a, b) ü�
���� 2 k���m �
(n+1) f (n+1)(x) j (a, b) ü�
���� 1 k���m P
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f�ù
2 � 
�� � Ý � x, Þ t Õ�Ø�Ù φ(t) :

φ(t) = f(t)− Ln(t)− f(x)− Ln(x)

ωn+1(x)
ωn+1(t), x � é�� Ù .

s
φ(t) ����m x0, x1, · · · , xn � x, � n+ 2 k Pá ������ø Õ���� � φ(n+1)(t) j (a, b) ü�
���� 1 k���m �7� u ξ,

à
0 = φ(n+1)(ξ) = f (n+1)(ξ)− L(n+1)

n (ξ)− f(x)− Ln(x)

ωn+1(x)
ω

(n+1)
n+1 (ξ).

�
Ln(x) � n i M�N�O Ø�Ù ��� � L(n+1)

n (ξ) = 0.�
ωn+1(x) � n+ 1 i M�N�O Ø�Ù ��� � ω

(n+1)
n+1 (ξ) = (n + 1)! .� � n O� u f (n+1)(ξ) =

f(x)− Ln(x)

ωn+1(x)
(n+ 1)! .! ø�" � I

R(x) = f(x)− Ln(x) =
f (n+1)(ξ)

(n+ 1)!
ωn+1(x),


�#
$�%�� r n = 1   � R1(x) =

1

2
f ′′(ξ)(x− x0)(x− x1), ξ ∈ (x0, x1). (2.17)

r n = 2   � R2(x) =
1

6
f ′′′(ξ)(x− x0)(x− x1)(x− x2), ξ ∈ (x0, x2). (2.18)

& ù
(
õ�N�' Z ) h ã j Mn+1 > 0, � |f (n+1)(x)| ≤Mn+1,

s
|Rn(x)| ≤ Mn+1

(n + 1)!
|ωn+1(x)|. (2.16)

(
1 (P18) ) × sin 0.32 = 0.314567, sin 0.34 = 0.333487, sin 0.36 = 0.352274, * %

÷�+�, K�L ��-�. K�L Z�[ sin 0.3367 Õ L �7å ' Z�/ � Õ�0�1�ñ�ò P2 á ð�3 � I



x0 = 0.32, x1 = 0.34, x2 = 0.36,

y0 = 0.314567, y1 = 0.333487, y2 = 0.352274.

(1) ÷�+�, K�L Z�[ �~á x0 = 0.32, x1 = 0.34,
I

sin 0.3367 ≈ L1(0.3367) = y0 +
y1 − y0

x1 − x0
(0.3367− x0)

= 0.314567 +
0.01892

0.02
(0.0167) = 0.330365.

0�1�ñ�ò |R1(x)| ≤
M2

2
|(x− x0)(x− x1)|.�

M2 = max
x0≤x≤x1

|f ′′(x)| = max
x0≤x≤x1

| sin x| = sin x1 ≤ 0.3335,
s

|R1(0.3367)|=| sin 0.3367−L1(0.3367)|≤1

2
(0.3335)(0.0167)(0.0033)≤0.92× 10−5.
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( {�k õ�N Õ L )�4 � � )

(2) ÷ -�. , K�L Z�[ �~á x0 = 0.32, x1 = 0.34, x2 = 0.36,
I

sin 0.3367 ≈ L2(0.3367)

= y0
(x− x1)(x− x2)

(x0 − x1)(x0 − x2)
+ y1

(x− x0)(x− x2)

(x1 − x0)(x1 − x2)
+ y2

(x− x0)(x− x1)

(x2 − x0)(x2 − x1)

=0.314567×0.7689×10−4

0.0008
+0.333487×3.89×10−4

0.0004
+0.352274×−0.5511×10−4

0.0008
=0.330374.

0�1�ñ�ò |R2(x)| ≤
M3

6
|(x− x0)(x− x1)(x− x2|.�

M3 = max
x0≤x≤x2

|f ′′′(x)| = max
x0≤x≤x1

| cos x| = cos x0 ≤ 0.828,
s

|R2(0.3367)|=| sin 0.3367−L2(0.3367)|≤0.828

6
(0.0167)(0.0033)(0.0233)<0.178×10−6.

§ 4 57698;:9<;=7>@?BAC�D�E�F W�Q K�L�M�N�O��
W k Ö�×�Õ�Ø�Ù f(x) G W k�) ×�Õ M�N�O Ø�Ù ß�Í � þ�H Õ � W |K�L�¢�£�P à
f(x) ≈ P (x) = a0 + a1x + · · ·+ an−1x

n−1 + anx
n, · · · · · · (4.1)I

f(x) ≈ Ln(x) =
n∑

j=0
yjlj(x). · · · · · · · · · · · · (4.2)

J�K
: (4.1)

O C�D��ML�� Z�[ �ON � z�P�Q�*�R�S�T P ��U l�m xi V K�L
yi Õ�W�X�Y �[Z P

(4.2)
O U l�m xi V K�L yi Õ�W�X �[Z ����\ Y�] � Z�[ �^N � z��_ R�`�a Pb�c

: ��d���e C�D���L�� P�Q�*�Z�[ � � U l�m xi V�f�g yi Õ�W�X �Z Õ�f�g�h�i�j7k
1. l�m�n�o�p�q

f�g
2
�

f [x0, xk] =
f(xk)− f(x0)

xk − x0
,
t u Ø�Ù f(x) j�m x0, xk Õsr�t l�m .

�
f [x0, x1, xk] =

f [x0, xk]− f [x0, x1]

xk − x1
,
t u Ø�Ù f(x) Õsu�t l�m .

W Xwv � �
f [x0, x1, · · · , xk−1, xk] =

f [x0, x1, · · · , xk−2, xk]− f [x0, x1, · · · , xk−2, xk−1]

xk − xk−1
,t u Ø�Ù f(x) Õ k t l�m .

18



¤
: x�y�Â{z[|:¬ ��}�~ ¦�§;� ¹�� ¦�§��;� ��� x�y ¬���­7��� ¹ ¬� ­�� 1.

l�m���p�q �
(1) k 	�� ò f [x0, x1, · · · , xk] � f(x0), f(x1), · · · , f(xk) Õ +�,���� � à

f [x0, x1, · · · , xk] =
k∑

j=0

f(xj)

ω ′
k+1(xj)

,

��î
ω ′

k+1(xj) = (xj − x0) · · · (xj − xj−1)(xj − xj+1) · · · (xj − xk).
�� ÷��������{� � r k = 1   �
f [x0, x1] =

f(x1)− f(x0)

x1 − x0

=
f(x0)

x0 − x1

+
f(x1)

x1 − x0

,

à ,���r k = 1   é����
Ú�Û
,���� k − 1 	�� ò é�� � s k 	�� ò �

f [x0, x1, · · · , xk] =
(
f [x0, · · · , xk−2, xk]− f [x0, x1, · · · , xk−1]

) 1

xk − xk−1
.

á �w�
Ú Û

: f [x0, · · · , xk−2, xk]=
k−2∑
j=0

f(xj)

(xj−x0) · · · (xj−xj−1)(xj−xj+1) · · · (xj−xk−2)(xj−xk)

+
f(xk)

(xk−x0) · · · (xk−xk−2)

4
= A + B.

�
f [x0, · · · , xk−1]

=
k−2∑
j=0

f(xj)

(xj−x0) · · · (xj−xj−1)(xj−xj+1) · · · (xj−xk−1)
+

f(xk−1)

(xk−1−x0) · · · (xk−1−xk−2)

4
=

C + D.

� 3 A
î��^� i~Õ *^�^����� (xj−xk−1),

�
C
î��^� i~Õ *^�^�����

(xj−xk),
� � A−C =

k−2∑
j=0

f(xj)(xj−xk−1)

(xj−x0)· · ·(xj−xj−1)(xj−xj+1)· · ·(xj−xk)
−

k−2∑

j=0

f(xj)(xj−xk)

(xj−x0)· · ·(xj−xj−1)(xj−xj+1)· · ·(xj−xk)

=
k−2∑
j=0

f(xj)(xk−xk−1)

(xj−x0) · · · (xj−xj−1)(xj−xj+1) · · · (xj−xk)
= (xk−xk−1)

k−2∑

j=0

f(xj)

ω ′
k+1(xj)

.

�
B Õ *w�w����� (xk−xk−1),

�
D Õ *w�w����� (xk−1−xk),

� � B−D

xk−xk−1

=

f(xk)

(xk−x0) · · · (xk−xk−2)(xk−xk−1)
+

f(xk−1)

(xk−1−x0) · · · (xk−1−xk−2)(xk−1−xk)
=

f(xk)

ω ′
k+1(xk)

+

f(xk−1)

ω ′
k+1(xk−1)�� �¡�¢
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f [x0, x1, · · · , xk] = (A−C + B−D)
1

xk−xk−1
=

k∑

j=0

f(xj)

ω ′
k+1(xj)

.

£�#
¤

: ¥�¦�,���������§ U f�g�¨�©�ª�«�¬�­�®�¯�° ¡²±�³�´ § ª¶µ�·�¸ ,¹
f [x0, x1, · · · , xk] = f [x1, x0, · · · , xk] = · · · = f [x1, · · · , xk, x0].

(2) º�» ´ §�¼ ¨�©�ª�«�¬�­�®�¯�° ¡¾½{¿[´ §�À�Á�Â�Ã�Ä�Å�Æ ³�Ç
f [x0, x1, · · · , xk] =

f [x1, · · · , xk]− f [x0, · · · , xk−1]

xk − x0
.

(3) È�É f(x) ª k Ê ´ §�¼ k Ê�Ë�É ª�°�Ì Ç

f [x0, x1, · · · , xk] =
f (k)(ξ)

k!
, ξ ∈ [a, b].

¤
: Í�Î�Ï�ÐÒÑ¾Ó7Ô¾Õ�Ö�×
Ø�Ù�Ú ¡�´ § ª�Û�Ü Á�Ý;Ê (

Ú�Þ�ß Ý ¬ ) à�á Ç
â

2-3(P23)

xk f(x)
� Ê ´ § ã�Ê ´ § ä�Ê ´ § å�Ê ´ §

x0 f(x0)

x1 f(x1) f [x0, x1]

x2 f(x2) f [x0, x2] f [x0, x1, x2]

x3 f(x3) f [x0, x3] f [x0, x1, x3] f [x0, x1, x2, x3]

x4 f(x4) f [x0, x4] f [x0, x1, x4] f [x0, x1, x2, x4] f [x0, x1, x2, x3, x4]
...

...
...

...
...

...

xk f(xk) f [x0, xk] f [x0, x1, xk] f [x0, x1, x2, xk] f [x0, x1, x2, x3, xk]
...

...
...

...
...

...

2. æ�ç�è�é�ê�ëì ¨^© ³ x0, x1, · · · , xn ∈ [a, b], í�î^ï [a, b]
Þ�ð Å x. ñ�ò ´ § ª ÅÆ ¡�ó

f(x) = f(x0) + f [x, x0](x− x0); · · · · · · (1)

f [x, x0] = f [x0, x1] + f [x, x0, x1](x− x1); · · · · · · (2)
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f [x, x0, x1] = f [x0, x1, x2] + f [x, x0, x1, x2](x− x2); · · · · · · (3)

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
f [x, x0, · · · , xn−1] = f [x0, · · · , xn] + f [x, x0, · · · , xn](x− xn); · · · · · · (n+ 1)ô ­�õ�ö�÷�ø�ù�ú�÷ ¡^û[ü (2) ÷�ø�ù (1),

¢
f(x) = f(x0) +

(
f [x0, x1] + f [x, x0, x1](x− x1)

)
(x− x0)

= f(x0) + f [x0, x1](x− x0) + f [x, x0, x1](x− x0)(x− x1);ý õ (3) ÷�ø�ù�þ�÷ ¡�¢
f(x) = f(x0) + f [x0, x1](x− x0) +

(
f [x0, x1, x2] + f [x, x0, x1, x2](x− x2)

)
(x−

x0)(x− x1)

= f(x0) + f [x0, x1](x− x0) + f [x0, x1, x2](x− x0)(x− x1)

+f [x, x0, x1, x2](x− x0)(x− x1)(x− x2);

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
= f(x0) + f [x0, x1](x− x0) + f [x0, x1, x2](x− x0)(x− x1) + · · ·
+f [x0, x1, · · · , xn](x− x0)(x− x1) · · · (x− xn−1) + f [x, x0, x1, · · · , xn]ωn+1(x)
4
= Nn(x) +Rn(x).ÿ Þ
Nn(x) = f(x0) + f [x0, x1](x− x0) + f [x0, x1, x2](x− x0)(x− x1) + · · ·
+f [x0, x1, · · · , xn](x− x0)(x− x1) · · · (x− xn−1)³

n ­�����÷ ¡�± æ�ç���������ë .

¥	� Nn(x) = a0+a1(x−x0)+a2(x−x0)(x−x1)+· · ·+an(x−x0)(x−x1) · · · (x−xn−1)
(
ak = f [x0, x1, · · · , xk], k = 0, 1, · · · , n

)
.


Rn(x) = f [x, x0, x1, · · · , xn]ωn+1(x) = f(x) − Nn(x)
ß���� ����÷^ª�
����

� ¡� » ó n + 1 ¦�� © x0 < x1 < · · · < xn,
¹

Rn(xj) = f(xj) − Nn(xj) = 0 (j =

0, 1, · · · , n).���
Nn(x) ����� 
������ ¡�� 
 Nn(x) = Ln(x).��� ¡ ò ��!�Å�"�#�$ ¡ R(n)

n (ξ) = 0, ξ ∈ [a, b].%�&
Rn(x) = f(x)−Nn(x), ' �

0 = R(n)
n (ξ) = f (n)(ξ)−N (n)

n (ξ) = f (n)(ξ)− f [x0, x1, · · · , xn] · n!

¹
n Ê ´ §

f [x0, x1, · · · , xn] =
f (n)(ξ)

n!
, ξ ∈ [a, b].
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¥�(�)�*�+ ��, ´ §�-�. 3.



n + 1 Ê ´ §
f [x, x0, x1, · · · , xn] =

f (n+1)(ξ)

(n + 1)!
, ξ ∈ [a, b],

* ß
Rn(x) = f [x, x0, x1, · · · , xn]ωn+1(x) =

f (n+1)(ξ)

(n+ 1)!
ωn+1(x).

§ 5 /103214658769;:=<=>@?
A ¨�B�C�ª ß Â�D ¨�©�ª�
���E�÷ ×^òF* ß Â�D ¨�©�G�E�÷�õ Á ¿FH�IJ�K ×

1. ��L�M�N ¸�O
(1)
ì Â�D ¨�© xk = x0 + kh ∈ [a, b] (k = 0, 1, · · · , n),

ÿ Þ
h > 0

±�P�Q ×J�R
fk = f(xk).S�T

3
R
4fk = fk+1 − fk,

±�³VU�W ��L ;R
∇fk = fk − fk−1,

±�³VU�X ��L ;R
δfk = f(xk + h

2
)− f(xk − h

2
) = fk+ 1

2

− fk− 1

2

,
±�³VY�Z ��L .

4, ∇, δ
±�³ ��L�[�\ .

(2) ã�Ê�§�] Ç 42fk
4
= 4(4fk) = 4fk+1 −4fk = fk+2 − 2fk+1 + fk.

^�_ G m Ê�§�] Ç




4mfk
4
= 4m−1(4fk) = 4m−1fk+1 −4m−1fk;

∇mfk
4
= ∇m−1(∇fk) = ∇m−1fk −∇m−1fk−1;

δmfk
4
= δm−1(δfk) = δm−1fk+ 1

2

− δm−1fk− 1

2

.

(3) `�a Ü�b ¼�c�d Ü�b
Å�Æ Ü�b I, e Ifk = fk,

±
I
³gf�h [�\ ;

Å�Æ Ü�b E, e Efk = fk+1,
±

E
³gi�j [�\ .

Ü�b Á ¿ k�l�m Ü�n�o m Ü�G ¹
Eifk = fk+i; E−1fk = fk−1, E

1

2 fk = fk+ 1

2

, E− 1

2 fk = fk− 1

2

.

E−1E = EE−1 = I, E
1

2E
1

2 = E, E− 1

2E− 1

2 = E−1.

* ß G 4fk = Efk − Ifk = (E − I)fk,
¹
4 = E − I;
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∇fk = Ifk − E−1fk = (I − E−1)fk,
¹
∇ = I − E−1;p q G δ = E

1

2 − E− 1

2 .

Ü�b�r Á ¿ à�á�ã ��÷�s�t�G ¹ ò
(a− b)n =

n∑

j=0

(−1)j

(
n

j

)
an−jbj.

H
(4) ¸�O 1:

4nfk = (E − I)nfk =
n∑

j=0

(−1)j

(
n

j

)
En−jfk =

n∑

j=0

(−1)j

(
n

j

)
fn+k−j .

∇nfk = (I − E−1)nfk =
n∑

j=0

(−1)j

(
n

j

)
Ej−nfk =

n∑

j=0

(−1)j

(
n

j

)
fk+j−n .

u
:

(
n

j

)
=

(
n

n− j

)
=

n!

j!(n− j)! .

¸�O 2: v�w�x�Ê�§�]�Á ¿ È�É 
���G ¹
fn+k = Enfk = (I +4)nfk =

n∑

j=0

(
n

j

)
4jfk.

¸�O 3:
´ §�¼�§�] ó °�Ì
f [xk, xk+1, · · · , xk+m] =

4mfk

m! hm
(m = 1, 2, · · · , n).

y�z ) m = 1 � G f [xk, xk+1] =
fk+1 − fk

xk+1 − xk

=
4fk

h
, -�.�{�|�×ì -�.�) m− 1 ��{�| G ñ m �

f [xk, xk+1, · · · , xk+m] =
f [xk+1, · · · , xk+m]− f [xk, · · · , xk+m−1]

xk+m − xk

=

4m−1fk+1

(m− 1)! hm−1
− 4m−1fk

(m− 1)! hm−1

m · h =
4m−1fk+1 −4m−1fk

m! hm
=
4mfk

m! hm
.

p q Á H f [xk, xk−1] =
fk − fk−1

xk − xk−1
=
∇fk

h
, } ^�_ Ä

f [xk, xk−1, · · · , xk−m] =
∇mfk

m! hm
(m = 1, 2, · · · , n).
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¸�O 4: §�]�¼�Ë�É ª�°�Ì
ò -�. 3, ~ ó

f [xk, xk+1, · · · , xk+m] =
4mfk

m! hm
,

�
f [xk, xk+1, · · · , xk+m] =

f (m)(ξ)

m!
,

ñ
4mfk = hmf (m)(ξ), m = 1, 2, · · · , n; ξ ∈ (xk, xk+n).p "
∇mfk = hmf (m)(ξ), m = 1, 2, · · · , n; ξ ∈ (xk, xk+n).

2. ����������è�é�ê�ë��� ��� ´ § 
���E�÷�G ~ ó f(x) = Nn(x) +Rn(x),
ÿ Þ

Nn(x) = f(x0)+f [x0, x1](x−x0)+f [x0, x1, x2](x−x0)(x−x1)+ · · ·
+f [x0, x1, · · · , xn](x−x0)(x−x1) · · · (x−xn−1)

Rn(x) = f [x, x0, · · · , xn](x− x0)(x− x1) · · · (x− xn) = f [x, x0, · · · , xn]ωn+1(x).

ò * ¨�© Â�D G ¹ xk = x0 + kh (k = 0, 1, · · · , n).

À ì x í x0 � ��G Á ð x = x0 + th (0 ≤ t ≤ 1), ñ (x− xk) = (t− k)h,
¹

(x

k︷ ︸︸ ︷
−x0) · · · (x− xk−1) = (t− 0)(t− 1) · · · (t− k + 1)hk.

ωn+1(x) = (x

n+1︷ ︸︸ ︷
−x0) · · · (x− xn) = (t− 0)(t− 1) · · · (t− n)hn+1.� �
f [x0, x1, · · · , xk] =

1

k! hk
4kf0.

f [x, x0, x1, · · · , xn] =
1

(n+ 1)! hn+1
4n+1f0 =

1

(n+ 1)!
f (n+1)(ξ), ξ ∈ (x0, xn).

* ß
Nn(x0+th) = f0+t4f0+

t(t− 1)

2!
42f0+· · ·+

t(t− 1) · · · (t− n + 1)

n!
4nf0 (hk ~ ����� ).

± æ�ç W è�ê�ë . ���
Rn(x0 + th) =

f (n+1)(ξ)

(n+ 1)!
t(t− 1) · · · (t− n)hn+1, ξ ∈ (x0, xn).
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) x í xn � � � G p "�Á H æ�ç X è�ê�ë�} ���
Nn(xn + th) = f0 + t∇fn +

t(t+ 1)

2!
∇2f0 + · · ·+ t(t + 1) · · · (t+ n− 1)

n!
∇nf0.

Rn(xn + th) =
f (n+1)(ξ)

(n+ 1)!
t(t + 1) · · · (t+ n)hn+1, ξ ∈ (x0, xn).

§ 6 �3�6�1� (Hermite) :1<
ú������ ½�� ª�
�������÷��������í ¨�©�þ ¼�È�É � (�Â G ó � r à ^ P��� Ë�É � ��(�Â�×�������� ��� ª�
����

��÷ ±����� �¡ (Hermite) è�é�����ë .

-

6

O

y

xx0 x1

q

q

f(x0)
f(x1)

1.
���� �¡ è�é�����ë

(1) ¢�£�¤ n = 1,
¹

n+ 1 = 2 ¥ ¨�©�ª�¦�§ Ç
¨�©

x x0 x1È�É f(x) y0 y1Ë�É f ′(x) m0 m1

ª�ó
4 ¥ ����G Á�«�Å ^ ¥ 3 ­�����÷�G R ³ H(x), ���

x x0 x1

H(x) y0 y1

H ′(x) m0 m1

³��
H(x), ¬�£ ú���­�®�¯�G ¢�°�± 4 ¥�²�È�É

α0(x), α1(x), β0(x), β1(x),
����³ ¥�²�È�É�´�É�`µ�¶

3, ·�¸�x�íº¹ µ¼» ½8­ ^ ¥ ����þ ð � 1,
 í ÿ�¾ ����þ ð � 0,
¹
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x x0 x1 x x0 x1

H(x) y0 y1 H ′(x) m0 m1

α0(x) 1 0 α′
0(x) 0 0

α1(x) 0 1 α′
1(x) 0 0

β0(x) 0 0 β ′
0(x) 1 0

β1(x) 0 0 β ′
0(x) 0 1

ü�¿ � 4 ¥�²�È�É α0(x), α1(x), β0(x), β1(x) À�í G ñ ð
H(x) = y0α0(x) + y1α1(x) +m0β0(x) +m1β1(x).

¹ Á�×FÁ�Â þ�G û[ü ) x = x1 � GFÃ�Ä H
H(x1) = y0α0(x1)+y1α1(x1)+m0β0(x1)+m1β1(x1) = y0·0+y1·1+m0·0+m1·0 = y1.

À�' ³
H ′(x) = y0α

′
0(x) + y1α

′
1(x) +m0β

′
0(x) +m1β

′
1(x),½�¿

x = x0 � G � ó
H ′(x0) = y0α

′
0(x0)+y1α

′
1(x0)+m0β

′
0(x0)+m1β

′
1(x0) = y0·0+y1·0+m0·1+m1·0 = m0.

� 

H(x)

ß
Hermite 
�������÷ ×

* ß GFÅ�Æ ß � ²�È�É α0(x), α1(x), β0(x), β1(x).Ç�È�É�Ê�Ç Ë
P (x) Ì n Í�Î Ï�Ð GFÑ

P (x0)=P
′(x0)= · · ·=P (k)(x0)=0⇐⇒ P (x)=(x−x0)

k+1Q(x) (Q(x) Ì n−k−1 ÍÒÎ
Ï�Ð ).

��Ó + “ ⇒ ” : ò P (x0) = 0 ⇒ P (x)=(x − x0)Q1(x) ⇒ P ′(x) = Q1(x) + (x −
x0)Q

′
1(x)

⇒ Q1(x0) = 0⇒ Q1(x)=(x−x0)Q2(x)⇒ P (x)=(x−x0)Q1(x)=(x−x0)
2Q2(x)= · · ·

¢ Û�Ü α0(x). ò α0(x1) = α′
0(x1) = 0, Á�Ô

α0(x) Õ�Ö�' ÷ (x− x1)
2.
�

α0(x)
ß

3 ´�È�É G
' � α0(x) r Õ�Ö � ^ ¥ ^ ´×' ÷�G ¹
α0(x) = (kx + l)(x− x1)

2³ ®�Ø�Û�Ü�G Á�à ^ P�Ù�ì
α0(x) =

[
a + b(x− x0)

]( x− x1

x0 − x1

)2
.Ú í r�Û 2 ¥ ��� α0(x0) = 1, α′
0(x0) = 0.

Á�Ü�Å�Ý�É a n b.
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Á�Â þ�G ò α0(x0) = 1, | ¹ H a = 1.
ý ò

0 = α′
0(x0) = b

(x0 − x1

x0 − x1

)2
+ a

2(x0 − x1)

(x0 − x1)2
= b + 1× 2

x0 − x1
.

H
b = − 2

x0 − x1
=

2

x1 − x0
.� 


α0(x) =
[
1 + 2

x− x0

x1 − x0

]( x− x1

x0 − x1

)2
.

ò Þ�ß�- G�õ 0, 1 Þ�à G Á H
α1(x) =

[
1 + 2

x− x1

x0 − x1

]( x− x0

x1 − x0

)2
.

ý Û�Ü β0(x). ò β0(x0) = β0(x1) = β ′
0(x1) = 0,

Á�Ô β0(x) Õ�Ö�' ÷ (x− x0) n (x− x1)
2.�

β0(x)
ß

3 ´�È�É G ' � G Á ì
β0(x) = a(x− x0)

( x− x1

x0 − x1

)2
.Ú í r�Û 1 ¥ ��� β ′

0(x0) = 1 Á�Ü�Å�Ý�É a.

Á�Â þ�G 1 = β ′
0(x0) = a

(x0 − x1

x0 − x1

)2
+ a(x0 − x0)

2(x0 − x1)

(x0 − x1)2
= a+ 0.

H
a = 1. *ß

β0(x) = (x− x0)
( x− x1

x0 − x1

)2
.p " β1(x) = (x− x1)

( x− x0

x1 − x0

)2
.á ö�G H H(x) = y0α0(x) + y1α1(x) +m0β0(x) +m1β1(x)

= y0

[
1 + 2

x− x0

x1 − x0

]( x− x1

x0 − x1

)2
+ y1

[
1 + 2

x− x1

x0 − x1

]( x− x0

x1 − x0

)2

+m0(x− x0)
( x− x1

x0 − x1

)2
+m1(x− x1)

( x− x0

x1 − x0

)2
.

(2) ) n ≥ 2 � GFâ ß n+ 1 ¥ ¨�©�ã
¨�©

x x0 x1 · · · xnÈ�É f(x) y0 y1 · · · ynË�É f ′(x) m0 m1 · · · mn

ªwó
2n+2 ¥ �ä�äGæå « Å ^ ¥ 2n+1 ´ �ä�w÷äG R	ç H2n+1(x).

ç �
H2n+1(x),

â ¢ Ó � °�±�²�È�É G ª�ó 2n + 2 ¥ ã αj(x), βj(x) (j = 0, 1, · · · , n), ���
αj(xi) =





1 ) i = j

0 ) i 6= j
, β ′

j(xi) =





1 ) i = j

0 ) i 6= j
, α′

j(xi) = βj(xi) = 0 (i =

0, 1, · · · , n).
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Â�Á þ�G ��� ú���Å * n = 1 ­�Û�Ü ]�è n #�é G Þ ^�_ ­ n, å ð
αj(x) =

[
1− 2(x− xj)

∑
k 6=j

1

(xj − xk)

]
lj

2(x), βj(x) = (x− xj)lj
2(x).

*�ê G H2n+1(x) =
n∑

j=0

[
yjαj(x) +mjβj(x)

]
.

u
: ë�ì í�î�ï�ð6ÎñÏ6Ð�òñÌ6ó�ô6õ ( ö P29).

2.
���� �¡�÷�ø�ù�ú

û�ü ý�þ�ÿ����������

R(x) = f(x)−H2n+1(x) =
f (2n+2)(ξ)

(2n+ 2)!
ω2

n+1(x), ξ ∈ [a, b].

��	 
��
x, � t 
���� φ(t) :

φ(t) = f(t)−H2n+1(t)−
f(x)−H2n+1(x)

ω2
n+1(x)

ω2
n+1(t), x ������� .

�
φ(t) ����� x0, x1, · · · , xn � x, � n+ 2 �������þ �����

φ′(t)  (a, b) !�"�#�� n+ 1 ������$�% x0, x1, · · · , xn.&�' �
x0, x1, · · · , xn ( ê φ′(t) 
���� �*) φ′(t) "�#�� 2n+ 2 ����� �

%�ê ����þ ��� 
�+�, � φ(2n+2)(t) "�#�� 1 ����� �*-�. ξ,
)

0 = φ(2n+2)(ξ) = f (2n+2)(ξ)−H (2n+2)
2n+1 (ξ)− f(x)−H2n+1(x)

ω2
n+1(x)

(2n+ 2)! .

� % H2n+1(x) ê 2n + 1 /�0 ��1 ��� �3254 H
(2n+2)
2n+1 (ξ) = 0.

%�ê�6 1�7 . f (2n+2)(ξ) =
f(x)−H2n+1(x)

ω2
n+1(x)

(2n+ 2)! .

8 ��9��*:
R(x) = f(x)−H2n+1(x) =

f (2n+2)(ξ)

(2n+ 2)!
ω2

n+1(x).
��;

§ 7 <>=>?>@>A>B
1. C ú�D�÷�ø�E�F�GH�I�J � n /�0 ��1 P (x) K�L J ����� f(x), M�N�O ������� 
 �P �*Q�R

n S�T � K�L�
�U�V�S�W��X H
f(x) 
�WZY�[�����\�]�^ �3_�`�a�b�c�d�e �

f
(P31) g f(x) =

1

1 + x2
 [−5, 5] 
 ��� 0 ��1 �
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h i 
�j�k�l � xk = −5 + 10
k

n
(k = 0, 1, · · · , n),

� d�m 
 ��� 0 ��1
Ln(x) =

n∑
j=0

1

1 + x2
j

· ωn+1(x)

(x− xj)ωn+1(xj)
.

aZ4�nZo�� H
n→∞ ^ � Ln(x)  Zp�q |x| > 3.63r b�s�t % f(x). u*v 
 n = 10 ^ � L10(x) w 1

1 + x2

5x*y o*z�{| �

 �}�~ _�`���� ��^ I���� ��� ��
�������K�L f(x)
a�b���� �

2. ������� ÷�ø2������ ��� ������� I���� ��� ��
�������K�L f(x).�
f(x)  l � a = x0 < x1 < · · · < xn = b 
 
 ��� / .�� f0, f1, · · · , fn.û�� � ������� I(x) ��� �

(1)I(x) ∈ C[a, b] (��� );

(2)I(xk) = fk (k = 0, 1, · · · , n) (
�������

);

(3)I(x)  [xk, xk+1] 6 � ������������
I(x)
. ������� ÷�ø���� �. & �  [a, b] 6���� n + 1 � ��� ���� ���� � l̂j(x) (j = 0, 1, · · · , n),

���
l̂j(xk) =





1
H

k = j ;

0
H

k 6= j .

-

6

O

y

x
q

xj−1

q

xj

q

xj+1

q

xk−1

q

xk

vZx � H x ∈ [xj−1, xj], l̂j(x)
� � � (xj−1, 0), (xj, 1) 
�¡�� �H

x ∈ [xj, xj+1], l̂j(x)
� � � (xj, 1), (xj+1, 0) 
�¡�� �¢ H

x ∈ [xk−1, xk], [xk−1, xk] ∩ [xj−1, xj+1] = ∅,
}�^ l̂j(x)

� � � (xk−1, 0), (xk, 0) 
�¡�� �*£�b l̂j(x) = 0.2Z4
l̂j(x) 
�¤�¥ 1 .��

l̂j(x) =





x− xj−1

xj − xj−1

x ∈ [xj−1, xj];

x− xj+1

xj − xj+1
x ∈ [xj, xj+1];

0 x /∈ [xj−1, xj+1].
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}�^ � l̂j(x) ¦��¨§�©�ª�«�� .¬
I(x) =

n∑
j=0

fj l̂j(x), ­ n I(x)
� p�q [a, b] 6�
 ��� ��� ��� �����

®�¯ 6 � I(x)
z�° ��� ��± (1) ² (2),

£�³�n
I(x)  [xk, xk+1] 6 � �����

���

x ∈ [xk, xk+1], }�^ £ � l̂k(x) w l̂k+1(x) ´�� � % �

I(x)=fk l̂k(x)+fk+1l̂k+1(x)=fk

x− xk+1

xk − xk+1
+fk+1

x− xk

xk+1 − xk

� J /���� �¶µ &�� ¡
���
��· � (1)

n∑
j=0

l̂j(x) = 1;

(2)
i

f(x) ∈ C[a, b],
�

lim
h→0

I(x) = f(x) (h ¤�¸�¹�T�
 l�k ).

��	
(1)
�

x ∈ [xk, xk+1], º�» = l̂k(x) + l̂k+1(x) =
x− xk+1

xk − xk+1
+

x− xk

xk+1 − xk

= 1.

(2)
n�¼ �

½5¾>¿>À
(P40)

6.
�

x0, x1, · · · , xn

.�Á $ l�� g n��
(1)

n∑
j=0

xk
j lj(x) ≡ xk (k = 0, 1, · · · , n);

(2)
n∑

j=0
(xj − x)klj(x) ≡ 0 (k = 0, 1, · · · , n).

��	
(1)
¬

f(x) = xk (k ≤ n),
�

f (n+1)(x) = 0, % �Â » = f(x) =
n∑

j=0
f(xj)lj(x) +

f (n+1)(ξ)

(n + 1)!
ωn+1(x) =

n∑

j=0

f(xj)lj(x) =
n∑

j=0

xk
j lj(x) =

º�»��
(2)
¬

f(t) = (t − x)k (k ≤ n, x ������� ),
�

f (n+1)(t) = 0, f(x) = 0, %�
f(t) =

n∑
j=0

f(xj)lj(t) =
n∑

j=0
(xj−x)klj(t). ÃÅÄ t = x,

:
0 = f(x) =

n∑
j=0

(xj−x)klj(x).

7.
�

f(x) ∈ C2[a, b] Æ f(a) = f(b) = 0, g n max
a≤x≤b

|f(x)| ≤ 1

8
(b−a)2 max

a≤x≤b
|f ′′(x)|.

��	 Ç�È
n=1, n+1=2 � l � x0=a, x1=b 
�É�Ê�ËÍÌ ��� 0 ��1 �

f(x)=f(a)la(x)+f(b)lb(x)+
f ′′(ξ)

2!
(x−a)(x−b),

∣∣∣f(x)
∣∣∣≤|f

′′(ξ)|
2!

(x−a)(b−x)= |f
′′(ξ)|
2!

[√
(x−a)(b−x)

]2≤|f
′′(ξ)|
2!

[(x−a) + (b−x)
2

]2
=
|f ′′(ξ)|

8
(b−a)2.
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14.
i

f(x) = a0 +a1x+ · · ·+an−1x
n−1 +anx

n � n � rZÎ 
 ¯ M x1, x2, · · · , xn,nZo
n∑

j=1

xk
j

f ′(xj)
=





0, 0≤k≤n−2;

a−1
n , k=n−1.

�Ï	 Ð �
f(x)=an(x−x1)· · ·(x−xn)⇒f ′(xj)=an(xj−x1)· · ·(xj−xj−1)(xj−xj+1)· · ·(xj−xn),¬

g(x) = xk.
� 6 1 º�»

n∑
j=1

g(xj)

an(xj−x1)· · ·(xj−xj−1)(xj−xj+1)· · ·(xj−xn)
= a−1

n g[x1, x2, · · ·, xn]=a−1
n

g(n−1)(ξ)

(n− 1)!
=Â »��

19. g�/�� ≤ 4 
�0 ��1 P (x), ���
l � x 0 1 2

��� P (x) 0 1 1

[�� P ′(x) 0 1

h ��� 5 �� ���� � α0(x), α1(x), α2(x), β0(x), β1(x), Ñ�g�Ò��� �����/��r�Ó �
4, Ô�Æ�Õ� ×Ö�ØÚÙÜÛÝ
 J � ��� 6 
 � 1,

¢  �Þ�ß ��� 6 
 �
0,
)

x 0 1 2 x 0 1

P (x) 0 1 1 P ′(x) 0 1

α0(x) 1 0 0 α′
0(x) 0 0

α1(x) 0 1 0 α′
1(x) 0 0

α2(x) 0 0 1 α′
2(x) 0 0

β0(x) 0 0 0 β ′
0(x) 1 0

β1(x) 0 0 0 β ′
0(x) 0 1

v�à�} 5 �� ���� α0(x), α1(x), α2(x), β0(x), β1(x) á� � � 

P (x) = 0α0(x) + 1α1(x) + 1α2(x) + 0β0(x) + 1β1(x).

% � �*£�³ g� ���� α1(x), α2(x), β1(x).Ð g α1(x) :
�

α1(0) = α1(2) = α′
1(0) = α′

1(1) = 0,
a�â

α1(x) = x2(x − 2)[a +

b(x− 1)].�
1 = α1(1) = 12(1− 2)[a + b(1− 1)] = −a⇒ a = −1.

�
α′

1(1) = 0⇒ b = 1.ã�ä�å
α2(x) :

�
α2(0) = α2(1) = α′

2(0) = α′
2(1) = 0,

a�â
α2(x) = x2(x− 1)2a.�

1 = α2(2) = 22(2− 1)2a = 4a⇒ a =
1

4
.

¹ 9 ä�å β1(x) :
�

β1(0) = β1(1) = β1(2) = β ′
1(0) = 0, β1(x) = x2(x− 1)(x− 2)a.�

1 = β ′
1(1) =

[
x2(x− 2)a

]
x=1
⇒ a = −1.
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% � �æ: P (x)=α1(x)+α2(x)+β1(x)=x
2(x−2)2+

1

4
x2(x−1)2−x2(x−1)(x−2)=

1

4
x2(x−3)2.

��� .
R(x) =

f (5)(ξ)

5!
x2(x− 1)2(x− 2), ξ ∈ (0, 2).

20.
�

f(x) ∈ C[a, b], ç [a, b]
��.

n
j����*è ���êé�Y*y���/ ��� ��� �

� ϕ(x), Ô nZo H n→∞ ^ � ϕ(x)  [a, b] 6 J�ë s�t % f(x).

h j�k�l � . xj = a + j
b−a
n

(j = 0, 1, · · · , n).
Ð ���êé�YÜy���/ ��� ���ì ���

:

lj(x) =





1, xj≤x<xj+1;

0, Þ�ß .

�
ϕ(x) =

n∑
j=0

f(xj)lj(x).

��· :
H

x ∈ [xj, xj+1) ^ � �
(1)

n∑
j=0

lj(x) = lj(x) = 1;

(2)
∣∣∣f(x)− ϕ(x)

∣∣∣ =
∣∣∣

n∑
j=0

f(x)lj(x)−
n∑

j=0
f(xj)lj(x)

∣∣∣ =
n∑

j=0

∣∣∣f(x)− f(xj)
∣∣∣lj(x)

=
∣∣∣f(x)− f(xj)

∣∣∣lj(x) =
∣∣∣f(x)− f(xj)

∣∣∣→ 0
(

∵

∣∣∣x− xj

∣∣∣<
b−a
n
→ 0

)
.
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í î ï ð ñ ò ó ô õ ö

§ 1 ÷5ø
1. ù�ú�û�ü. L�ý�þ�g J ����� f(x),

J�ÿ�I�J � n /�0�� 1 Pn(x) ��K�L �
(1) ����� (n + 1 � l � x0 < x1 < · · · < xn): ���
( É�Ê�ËÍÌ�����	 )

Pn(x) =
n∑

j=0
f(xj)lj(x), 


( ����
���� 1 )

Pn(x) = a0+a1(x−x0)+a2(x−x0)(x−x1)+ · · ·+an(x−x0)(x−x1) · · · (x−xn−1).

��� � H x = xj, Pn(xj) = f(xj);
H

x 6= xj, Pn(x) ≈ f(x), ���
Rn(x) =

f (n+1)(ξ)

(n + 1)!
ωn+1(x), ξ ∈ [a, b].

(2) ��������� (1 � l � x0): ���
Pn(x) = f(x0)+f

′(x0)(x−x0)+
f ′′(x0)

2!
(x−x0)

2+ · · ·+f
(n)(x0)

n!
(x−x0)

n.

��� � H x = x0, P
(k)
n (x0) = f (k)(x0);

H
x 6= x0, Pn(x) ≈ f(x), ���

Rn(x) =
f (n+1)(ξ)

(n + 1)!
(x− x0)

n+1, ξ ∈ [a, b].

��� � 0�� 1 Pn(x) � a54*:�� ��� ������ � v�!�" J$# ��%�&��')( ¢ � 	�*�+ ( ,�- )
& ��./�0 ��1�243�5�6�7
: |Rn(x)| = |f(x)− Pn(x)|

( 8 Pn(x)
��9 	�:�;�'�<�8 n :�; ).=�>�?�@�A�B�C�D�?�E

2 F�G
(1) H ‖f(x)− P (x)‖∞ 4

= max
a≤x≤b

|f(x)− P (x)|.I
‖ · ‖∞

��J�K�L�M�N�� /�0�O4P�Q�=�> 
SR�T =�> . U�V�W
(2) H ‖f(x)− P (x)‖2 4

=
√∫ b

a [(f(x)− P (x)]2dx . X�Y C�Z�[�\I
‖ · ‖2
��J�K�L�M�N�� /�0�O R�] =�>_^S` ] =�> . a�b�W

2. c�d�e�f�g�e�h�i (Weierstrass)

h�i 1 j f(x) ∈ C[a, b], k ∀ ε > 0, l�m�n�o�p P (x), q ‖f(x)− P (x)‖∞ < ε

msr�t [a, b] u�v�w�x�y�.
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z�{ |�} j~r�t [a, b] = [0, 1],
9�������� G xk =

k

n
(k = 0, 1, · · · , n), ������������ e�������� :

Bn(f, x) =
n∑

k=0
f(xk)Pk(x), �s� Pk(x)=

(
n

k

)
xk(1− x)n−k ≥ 0 (n ��n�o�p )

k��s���s� lim
n→∞

Bn(f, x) = f(x) m [0, 1] u�v�w�x�y (����� ).�����)�
f(x) ∈ Cm[0, 1] � �

lim
n→∞

B(m)
n (f, x) = f (m)(x).

��� G (1)
n∑

k=0
Pk(x) =

n∑
k=0

(
n

k

)
xk(1− x)n−k = [x + (1− x)]n = 1;

(2)   f(x) :�¡ �)¢ |f(x)| ≤M, k
|Bn(f, x)| ≤

n∑
k=0

∣∣∣f(xk)||Pk(x)| ≤M
n∑

k=0
Pk(x) = M. ( £�¤ Pk(x) ≥ 0)¥�¦ u � Bn(f, x) ;�§ n

��¨�©�ª 2�«�¬ ��­ m ¦�® �)¯�° | I .

§ 2 ±³²µ´·¶³¸³¹
º ��»�¼ m�½�v�¾ /�0�¿�À�Á ��� /�0 .
1. Â�Ã �Ä�Å

n Æ�Ç���n�o�p � /�0 .ÈH~r�t [a, b] u���É |�Ê�Ë n
� n�o�pÌ�Í ��Î�Ï ¤ Hn. Ð�Ñ Hn ⊆ C[a, b]. Hn

� v�Ò�Ó�¤ 1, x, · · · , xn (n + 1 Ô ),¢
∀ Pn(x) ∈ Hn, ∃ ! a0, a1, · · · , an, q Pn(x) = a0 + a1x+ · · ·+ anx

n.Õ�ÖØ×�Ù�Ú�Û
P ∗

n(x) ∈ Hn, q
‖f(x)− P ∗

n(x)‖∞ = inf
Pn(x)∈Hn

‖f(x)− Pn(x)‖∞ ?
Á�Ü ¡ ( Ý J � Á ¡ )

� Á�Þ H�G f = f(x), Pn = Pn(x), · · ·

h�ß 1 H 4(f, Pn)
4
= ‖f − Pn‖∞,

O ¤ f(x) 8 Pn(x)
�Sà�á

.â � {4(f, Pn) | Pn ∈ Hn} ã�v�ä�É Î�åÐ�Ñ 0 ã â ä�É Î�� v�ä Á ¡ å £)æ�l�m Á�Ü ¡�G
H En

4
= inf

Pn∈Hn

{4(f, Pn)},
O

En ¤ f(x) msr�t [a, b] u � B�ç à�á .

( è�8 f(x) ��é�ê�ë�É n ìsr�t [a, b] :�; å )
h�ß 2  �l�m P ∗

n(x) ∈ Hn, q 4(f, P ∗
n) = En, k O P ∗

n(x) ã f(x) m~r�t [a, b]

u � B�í�P�Q�=�> ����� ^îB�ç à�á =�> ����� ,
Þ�OïB�í�=�> ���

� å
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(
¢ ��ð Û Á�Ü ¡ )

h�i 2   f(x) ∈ C[a, b], k�ñ�l�m P ∗
n(x) ∈ Hn, q ‖f(x)− P ∗

n(x)‖∞ = En.¢ ñ�l�m f(x)
� Ý�ò�ó�ô�n�o�p å

�s��� � ��õ Ä :�;�ö�÷ å
2. ø�ù�ú�û�h�i
� Á�ü Ç f(x) ∈ C[a, b].

h�ß 3 j P (x) ∈ Hn,  �l�m x0 ∈ [a, b], q
|P (x0)− f(x0)| = ‖P (x)− f(x)‖∞,

k O x0 ã P (x)
�Sà�á 6

.�����)�
P (x) > f(x0) � � O x0 ãþý à�á 6 ,

Ù k O ÿ à�á 6 .

-

6

O

y

x

f(x)

��� a�b���� ? ��� :

(1) � f(x) ∈ C[a, b], 	�
�� x1, x2 ∈ [a, b], � f(x1)f(x2) < 0, 
 f(x1) � f(x2)��� �
� 
�� ξ ∈ (x1, x2), � f(ξ) = 0. 
 f(x) � (x1, x2) ����������� å
(2) � M,m ����� f(x) � [a, b] ��� � �"!$#&% �'� 
&� x1, x2, � f(x1)=M, f(x2)=m.¢�(�)�* É�m,+�r�t u���ð Û u Á�Ü ¡ å
h�i 3   P (x)∈Hn ã f(x)∈C[a, b]

� Ý�ò�ó�ô�n�o�p � k P (x) - ��l�m�ê�./�0 � å
z�{ 1

φ(x) = |P (x)− f(x)|, k φ(x)
(�)�� £�2���ð Û Ý J�3 ��¢ l�m x0,q φ(x0)= max

a≤x≤b
φ(x)=‖P (x) − f(x)‖∞,

â�4 � x0 ã P (x)
� v�ä /�0 � � |} j�¤�ê /�0 � å65 § P (x) ã�Ý�ò�ó�ô�n�o�p � k

φ(x0)=P (x0)− f(x0)=‖P (x)− f(x)‖∞=En= inf
Pn∈Hn

{4(f, Pn)}.7 � � ¢�8 j P (x) 9�. /�0 � å 1 ψ(x) = P (x)− f(x)∈C[a, b], j�:�m
x1 ð Û Ý K�3 ψ(x1)

4
= m, k�ñ�Ñ m > −En (

Ù k x1 ; ã P (x)
� . /�0 � ).
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9
h=

m+En

2
>0, k m=−En+2h≤ψ(x)≤En⇒−En+h ≤ [P (x)−h]−f(x)≤En−h,¢ ∣∣∣[P (x)−h]− f(x)

∣∣∣ ≤ En−h,
4 � P (x)−h <�ã�Ý�ò�ó�ô�n�o�p �>=�? å

£�æ P (x) ñ�:�ê�. /�0 � å z�@
h�i 4 P (x)∈Hn ã�Ý�ò�ó�ô�n�o�p ⇔ P (x) m [a, b] u�A�B�: n+2 ê�.�C�D/�0 �
(
¢ l m n+2 ä � a≤x1<x2< · · ·<xn+2≤b, q P (xk)−f(xk)=±(−1)k‖P (x)−f(x)‖∞).E z

“⇐”
¢�F � P (x) ã f(x)

� B�í�=�> ����� åIHG z�I
,
8 jKJ E Q(x)∈Hn, q ‖Q(x)− f(x)‖∞ < ‖P (x)− f(x)‖∞.k Ä�Å P (x)−Q(x) = [P (x)− f(x)]− [Q(x)− f(x)]. L�M�N à�á�O ,

Ú
P (xk)−Q(xk)=[P (xk)−f(xk)]−[Q(xk)−f(xk)] (k=1, 2, · · · , n+2).

£�¤ |P (xk)− f(xk)| = ‖P (x)− f(x)‖∞ > ‖Q(x)− f(x)‖∞ ≥ |Q(xk)− f(xk)|,� � P (xk)−Q(xk) P P (xk)−f(xk) -�Q�R � £ æTS�U�V�ý ÿ�W ,X
P (x)−Q(x) m�Ysr�t [xk, xk+1](k=1, 2, · · · , n+1) Z�[�\�R �^] t_A�B�`�v

ä 0
� �

a w n b�c�d������ P (x) −Q(x) A�B�` n + 1 ä 0
� �e=�? å

f ×
P (x) ã f(x)

�Kg í�h�i ����� .
z�@

j�k
1   f(x) ∈ C[a, b], k�m Hn �ml�n�Â�Ã f(x)

�Hg í�h�i ����� .

z�{ l�m�o 5 Ç�p 2 � Ú � f ��q�v�o å
j P (x), Q(x) r�ã f(x)

�Kg í�h�i ����� ,
F � P (x) = Q(x).

5 


−En ≤ P (x)− f(x) ≤ En

−En ≤ Q(x)− f(x) ≤ En

⇒ −En ≤
P (x) +Q(x)

2
− f(x) ≤ En.

s
R(x)

4
=
P (x) +Q(x)

2
, k�Ð�Ñ R(x) t�ã f(x)

�ug í�h�i ����� , §
ã
R(x)− f(x) ` n+2 ä�ê�.�C�D /�0 � {xk}, v�w R(xk)− f(xk) = ±(−1)kEn,X
En=|R(xk)−f(xk)|=

∣∣∣
P (xk)−f(xk)

2
+
Q(xk)−f(xk)

2

∣∣∣≤
∣∣∣
P (xk)−f(xk)

2

∣∣∣+
∣∣∣
Q(xk)−f(xk)

2

∣∣∣≤En

2
+
En

2
=En.

ñ�Ñs��t � “
� R ” x�y � Ú P (xk)−f(xk)

2
=
Q(xk)−f(xk)

2
( £�¤�-�R�x�y�z3�{��

).

ë�p Ú P (xk)=Q(xk) (k = 1, 2, · · · , n+2), |�¤ n ��n�o�p � f × P (x) = Q(x).

j�k
2 } P (x) ∈ Hn ã f(x) ∈ C[a, b] ~�Ý�ò�ó�ô������ ��� P (x) ã f(x) ~� äu��������� W������ .
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��� �$�
P (x)−f(x) � [a, b] ��` n+2 �����&S&U����&� O , ��� P (x)−f(x)

� [a, b] �u� n+1 � 0
O

,  �¡ P (x) ¡,�_¢�£ 0 ¤ �u¥ O ~�¦�§�¨ª©^«¬ ������­
j�k

3 } f(x) � [a, b] ��®�` n+1 ¯ a�°�± x f (n+1)(x) ²�R�­>³ P (x) ∈ Hn

¡ f(x) ~ g�´ h�i������ ,
� [�¤ a, b t�¡ P (x) ¡H��� O .

��� �$�
R(x)

4
= P (x)−f(x) ` n+2 ��µ�¶&·&¸�~&¹�º&¤ a≤x1<x2< · · ·<xn+2 ≤

b, �»� R(x) � (x1, xn+2) ¼½� n+1 � 0 ¾ , ¿&À R ′(x) � (x1, xn+2) ¼ª� n �
0 ¾ . Á�Â a < x1,

�
x1 ¡ R(x) � (a, x2) ¼�~�Ã��uÄ�Å�¾ , Æ�Ç R ′(x1) = 0,

¢�È�É R ′(x) � [a, b] ¼Ê� n + 1 � 0 ¾ , Ë�À R(n+1)(x) = −f (n+1)(x) Ì�Í
��Î�� 0 ¾ , Ï f (n+1)(x) ²�Ð�Ñ�Ò�­eÓ�Ô�Õ a = x1 ¡Ö����¾ . ×eØ�Ù�Ú
b = xn+2 Û ¡u����¾ .

2. Ü ´ Î�Ý�Þ�ß �����
à�á ��â�ã,ä f(x) ~HÜ ´ n Ý�Þ�ß �����

¡�å�æ�ç�è�~ ± Ô�Õ�é�ê n ë�ì�í�~�î�ï�­
æ n = 0, ð�ñ 0 ò�ó�ô�������õ P80 ö�÷ 4.ø ¤�é�ê n = 1 ù�î�ú�­û

f(x) ∈ C2[a, b], ü f ′′(x) � (a, b) ¼�²�Ð ±ý�þ ÿ �
3, ��ð�ñ�Ã�ò�ó�ô������ P1(x) =

a0 + a1x ù n + 2 = 3 � ������	�����¾�
���
�����¤ ±�� a = x1 < x2 <

x3 = b.�
R(x)

4
= P1(x)−f(x),

ý
R(x) � (a, b) ¼�� 2 � 0 ¾ , Ë�À R ′(x) � (a, b) ¼��� � 1 � 0 ¾ . ��� R′′(x) = −f ′′(x) ²�Ð ±�� R ′(x) ��� ± � À�Ô���Ã��

0 ¤ ±! ü#"&¡#$ ¬ ¤ ± ����Ô�Õ�¡ x2.  &¡ þ 0 = R ′(x2) = P ′
1(x2)−f ′(x2) =

a1− f ′(x2)⇒ f ′(x2) = a1. % þ P1(a)− f(a) = −[P1(x2)− f(x2)] = P1(b)− f(b) =

±‖P1(x)− f(x)‖∞, É



a0 + a1a− f(a) = −a0 − a1x2 + f(x2);

a0 + a1a− f(a) = a0 + a1b− f(b).

& É a1 =
f(b)− f(a)

b− a = f ′(x2), a0 =
f(a) + f(x2)

2
− a1

a+ x2

2
.

 �¡ P1(x) = a0 + a1x =
f(a) + f(x2)

2
+ a1

(
x− a+ x2

2

)
.
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6

O

y

xa b

r

r

f(a)

f(b)

f(x)

��������

'
1 (P49) ã f(x) =

√
1 + x2 � [0, 1] ��ù�ð�ñ�Ã�ò�ó�ô�������­

( û
f(x) =

√
1 + x2 ù�ð�ñ�Ã�ò�ó�ô������ � P1(x) = a0 + a1x,

ý
a1 =

f(1)− f(0)

1− 0
=
√

2− 1 ≈ 0.414. ) a1 = f ′(x2) =
x2√

1 + x2
2

,
& É

x2 =

√√
2− 1

2
≈ 0.4551, ¿�À f(x2) =

√
1 + x2

2 ≈ 1.0986,
ý

a0 =
f(0) + f(x2)

2
−a1

0 + x2

2
≈ 0.955,  �¡ √1 + x2 ≈ P1(x) = 0.955+0.414x, 0 ≤

x ≤ 1.

À�*�º�+ max
a≤x≤b

∣∣∣
√

1 + x2 − P1(x)
∣∣∣ =

∣∣∣
√

1 + 02 − P1(0)
∣∣∣ ≤ 0.045.

§ 3 ,.-./1032.4
�HÎ�5�Þ�ß76�8�9 ± f(x) ù�ð�ñ n ò�ó�ô������ P ∗

n(x) :�;�<
‖f(x)− P ∗

n(x)‖∞ = inf
Pn∈Hn

‖f(x)− Pn(x)‖∞.

=�>�?�@ A�B Þ�ß , 6�8 � < ‖f(x)− P (x)‖2 4
=
√∫ b

a [(f(x)− P (x)]2dx .C�D ¡�ã P ∗
n(x) ∈ Hn, È ‖f(x)− P ∗

n(x)‖2 = inf
Pn∈Hn

‖f(x)− Pn(x)‖2.û
Pn(x) = a0 + a1x+ · · ·+ anx

n =
n∑

j=0
ajx

j ∈ Hn.
��E�F1G�H

a0, a1, · · · , an,

I ��J�K ° I(a0, a1, · · · , an)
4
= ‖Pn(x)− f(x)‖22 =

∫ b

a

[ n∑
j=0

ajx
j − f(x)

]2
dx.

é�ê I(a0, a1, · · · , an) ù�ð�í ¬ ­ þML�N�O H Ä�Å���P�Q�R�S , T
( U�ð�V ¬ ±e��W�XZY )

∂I

∂ai

= 2
∫ b

a
xi
[ n∑
j=0

ajx
j − f(x)

]
dx = 0 (i = 0, 1, · · · , n).

[�\�]�^ É�_�`�  a0, a1, · · · , an ù n + 1
N�a�b B�c�d

:
n∑

j=0
aj

∫ b

a
xi+jdx =

∫ b

a
xif(x)dx (i = 0, 1, · · · , n).
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G�H ∫ b

a
xi+jdx =

bi+j+1 − ai+j+1

i + j + 1
, e H di=

∫ b

a
xif(x)dx (i, j = 0, 1, · · · , n).

f�g ± æ [a, b] = [0, 1] h ± `�  a0, a1, · · · , an ù n + 1 J�i�j�k�l�m�<




a0 +
1

2
a1 + · · ·+ 1

n+1
an=

∫ 1

0
f(x)dx;

1

2
a0 +

1

3
a1 + · · ·+ 1

n+2
an=

∫ 1

0
xf(x)dx;

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
1

n+1
a0+

1

n+ 2
a1+ · · ·+

1

2n+1
an=

∫ 1

0
xnf(x)dx.

n °porq
H=




1
1

2
· · · 1

n+1
1

2

1

3
· · · 1

n+2
· · · · · · · · · · · ·
1

n+1

1

n+2
· · · 1

2n+1




.

sut�v�w�x
(Hilbert)

oyq
( z s ù )

'
2 (P54) ã f(x) =

√
1 + x2 � [0, 1] ��ùKÜ ´ Î�Ý A�B Þ�ß L�{�| .

( ¢�h n = 1, }�~�� f (Hilbert)
oyq��

H =




1
1

2
1

2

1

3


 .

� °
d0 =

∫ 1

0

√
1 + x2 dx =

1

2
ln(1 +

√
2) +

√
2

2
≈ 1.147,

d1 =
∫ 1

0
x
√

1 + x2 dx =
∫ 1

0

1

2
(1 + x2)

1

2d(1 + x2) =
1

3
(1 + x2)

3

2

∣∣∣
1

0
=

2
√

2− 1

2
≈

0.609,û
f(x) =

√
1 + x2 ùKÜ ´ Î�Ý A�B Þ�ß L�{�| � P1(x) = a0 + a1x,

ý,þ k
l�m


1
1

2
1

2

1

3





 a0

a1


 =


 1.147

0.609


 ,
& É a0 = 0.934, a1 = 0.426. Ë�À P ∗

1 = 0.934+

0.426x.

1. �������
���

4 ³y
�� [a, b] ����¶�K ° ρ(x)≥0 :�;�����<
(1)

∫ b

a
|xk|ρ(x)dx ��� (k = 0, 1, 2, · · · , );

(2) ∀ g(x) ∈ C[a, b], ü g(x) ≥ 0,
 þ ∫ b

a
ρ(x)g(x)dx = 0⇒ g(x) ≡ 0,ý s

ρ(x)
� 
�� [a, b] ��ù�� O H .� Á ± ρ(x) ≡ 1 ¡���K ° ­

���
5
û

ρ(x) ¡ [a, b] ��ù���K °�± ∀ f(x), g(x) ∈ C[a, b],
�

(f, g)
4
=
∫ b

a
ρ(x)f(x)g(x)dx

s � K ° f(x) Ï g(x) �y
�� [a, b] ��ù���� .
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���
: ¼���Ïy
�� [a, b] ������K ° ρ(x) ��`�­

����� b�� <
(1) ·���< (f, g) = (g, f);

(2) i�j�< (cf, g) = c(f, g), (f1 + f2, g) = (f1, g) + (f2, g);

(3) ��¶�< (f, f) ≥ 0, ü f ≡ 0⇔ (f, f) = 0.

���
6
û

f(x) ∈ C[a, b],
�
‖f‖2 4

=
√

(f, f) =
√∫ b

a ρ(x)f
2(x)dx

s �
f(x) ù����� H

.���
: � ° Ïy
�� [a, b] ������K ° ρ(x) ��`�­

� H � b�� <
���

5 ∀ f, g ∈ C[a, b],
ý

(1) |(f, g)| ≤ ‖f‖2 · ‖g‖2; ( ��� -  �¡�¢�£�¤�� )

(2) ‖f + g‖2 ≤ ‖f‖2 + ‖g‖2; ( ¥�¦�£�¤�� )

(3) ‖f + g‖22 + ‖f − g‖22 = 2
(
‖f‖22 + ‖g‖22

)
; ( §�¨y©�ª�ú F�« )

(4) ³ (f, g) = 0,
ý
‖f + g‖22 = ‖f‖22 + ‖g‖22. ( ¬�­ F�« )

���
7 (1) ® f(x), g(x)∈C[a, b], :�; (f, g)=0,

ý s
f(x) Ï g(x)̄�� ;

(2) °�°�±�²�ù���³�K�´�µ ϕ0(x), ϕ1(x), · · · , ϕn(x), · · · ,
�

(ϕi, ϕj)=
∫ b

a
ρ(x)ϕi(x)ϕj(x)dx=





0 æ i6=j;
Aj>0 æ i=j,

s ¯�� O H�¶ .

���
8
û ��+�K�´�· ϕ0(x), ϕ1(x), · · · , ϕn(x)∈C[a, b]. ® þ

a0ϕ0(x) + a1ϕ1(x) + · · ·+ anϕn(x) = 0

¸ ä a0 = a1 = · · · = an = 0,
ý s

ϕ0(x), ϕ1(x), · · · , ϕn(x) � [a, b] � a�b�¹�º .

À�z�»u¼ H ¹�½ ù�K�´�µ {ϕn(x)}, ®��y¾�¿�À���+�Á�K�´�·�Â�Ã�i�j�U
`�ù�Ä ý s {ϕn(x)}

� a�b�¹�º�Å�O H�¶
.Æ D K�´�µ 1, x, x2, · · · , xn, · · · ��¿��y
�Ç [a, b] ��Â�Ã a�b�¹�º ù�È

��� ¯���K�´�µ�Ã F Ã a�b�¹�º ù�È
É�Ê ¿�Ë��y¾�Ã�Ì���+�Á�K�´�· ϕ0(x), ϕ1(x), · · · , ϕn(x), û

a0ϕ0(x) + a1ϕ1(x) + · · ·+ anϕn(x) = 0, Í�Î�Ï�Ì ak = 0.
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��Ð ÄÒÑ ϕk(x) Ó g Ï�����°�ª I3Ô ��Ä�ÕÖ ª =(a0ϕ0+a1ϕ1+ · · ·+anϕn, ϕk)=ak(ϕk, ϕk)= ×�ª =0. Ø (ϕk, ϕk)>0, Ù�Ú
ak=0.û

ϕ0(x), ϕ1(x), · · · , ϕn(x) Ã C[a, b] ¾�i�j�U�`�ù�K�´�·�Ä �
span{ϕ0, ϕ1, · · · , ϕn} 4

= {a0ϕ0(x) + a1ϕ1(x) + · · ·+ anϕn(x) | a0, a1, · · · , an ∈ R},

���
6 Û�Ü�K�´�· ϕ0(x), ϕ1(x), · · · , ϕn(x) ��
�Ç [a, b] ��i�j�U�`�ù�Ý�Þ��

��Ã

G(ϕ0, ϕ1, · · · , ϕn)
4
=

∣∣∣∣∣∣∣∣∣∣∣∣

(ϕ0, ϕ0) (ϕ0, ϕ1) · · · (ϕ0, ϕn)

(ϕ1, ϕ0) (ϕ1, ϕ1) · · · (ϕ1, ϕn)

· · · · · · · · · · · ·
(ϕn, ϕ0) (ϕn, ϕ1) · · · (ϕn, ϕn)

∣∣∣∣∣∣∣∣∣∣∣∣

6= 0.

ß�à�á
(Gramer) ¨�·�â

2. ã�ä A�B�å�æç
f(x)∈C[a, b], ϕ0(x), ϕ1(x), · · · , ϕn(x) Ã C[a, b] ¾ a#b#¹#ºéè#ê ´#·#Äë

ϕ = span{ϕ0, ϕ1, · · · , ϕn}. ®#�#� S∗(x) ∈ ϕ, ì ‖f(x)−S∗(x)‖2 = inf
S∈ϕ
‖f(x)−

S(x)‖2, í�î S∗(x) Ã f(x) � ϕ ¾ è ã�ä�ï�ð å�æ�ñ�ò .ó�ô
S∗(x), õ S∗(x) = a∗0ϕ0(x) + a∗1ϕ1(x) + · · ·+ a∗nϕn(x) =

n∑
j=0

a∗jϕj(x) ∈ ϕ,
ö�÷�ô

a∗0, a
∗
1, · · · , a∗n.

ó Ð ÄÒø�ù�ú ê ´
I(a0, a1, · · · , an)

4
=‖S(x)− f(x)‖22=

∫ b

a
ρ(x)

[ n∑
j=0

ajϕj(x)− f(x)
]2
dx.

û�ü
I(a0, a1, · · · , an)

è�ý�þ�ÿ È������ ñ�ò���� Å�	�
���
 , õ
∂I

∂ai

= 2
∫ b

a
ρ(x)ϕi

[ n∑
j=0

ajϕj − f(x)
]
dx = 0 (i = 0, 1, · · · , n).

������� Õ�� ö » a0, a1, · · · , an

è
n + 1 ������ð���� :

n∑
j=0

(ϕi, ϕj)aj = (ϕi, f) (i = 0, 1, · · · , n).

� ò
(ϕi, ϕj), � ò di=(ϕi, f) (i, j = 0, 1, · · · , n).

� »������ è����� �! â G(ϕ0, ϕ1, · · · , ϕn) 6= 0, "�#�$�%�&�' a∗0, a
∗
1, · · · , a∗n,(�) %�&�*�� S∗(x) = a∗0ϕ0(x) + a∗1ϕ1(x) + · · ·+ a∗nϕn(x).

+�,
: (1) -�. (ϕi, f−S∗) =

∫ b

a
ρ(x)ϕi

[
f(x)−

n∑
j=0

a∗jϕj

]
dx = 0, /10 (S∗−S, f−S∗) =

0.
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(2) 2 ϕ0(x), ϕ1(x), · · · , ϕn(x) 3�3�4�5�6�í�������7 ó
(ϕi, ϕi)ai = (ϕi, f), 8�' a∗i =

(ϕi, f)

(ϕi, ϕi)
(i = 0, 1, · · · , n).

9;:�<�=
S∗(x)

è�>�? ã�ä�ï�ð å�æ�ñ�ò ,

8 ∀ S(x) ∈ ϕ, @ ‖f(x)−S(x)‖22≥‖f(x)−S∗(x)‖22. A�B�C�6
C â�D�E =‖f(x)−S∗(x)+S∗(x)−S(x)‖22=‖f(x)−S∗(x)‖22+‖S∗(x) − S(x)‖22≥ ×
E�F

( G�H�I�J )

2 S∗(x)
?

f(x) $ ϕ K è ã�ä�ï�ð å�æ�ñ�ò :

(1) í f(x)− S∗(x) L ϕ0(x), ϕ1(x), · · · , ϕn(x) M�4�5�N
(2) 2 T ∗(x) O ? f(x) $ ϕ K è�ý�P�Q ��R�S ê�� 6�í T ∗(x) = S∗(x),

8 ý�P�Q ��R�S ê���?UT�V�è F
‖f(x)−S∗(x)‖22=‖f(x)−T ∗(x)‖22=‖f(x)−S∗(x)+S∗(x)−T ∗(x)‖22=‖f(x)−S∗(x)‖22+‖S∗(x)−T ∗(x)‖22

⇒ ‖S∗(x)− T ∗(x)‖2 = 0⇒ S∗(x) = T ∗(x).

(3) õ δ = f(x)− S∗(x) ( W�X ), í Q ��Y�Z ó

‖δ‖22=(f−S∗, f−S∗)=(f−S∗, f)−(f−S∗, S∗)=(f, f)−(S∗, f)=‖f‖22−
n∑

j=0

a∗j(ϕj, f).

§ 4 []\_^]`]ab�c1dfe�g 6ih�j ϕ0(x), ϕ1(x), · · · , ϕn(x) 3�3�4�5�6 í span{ϕ0, ϕ1, · · · , ϕn}
K f(x)

è ã�ä�ï�ð å�æ�ñ�ò S∗(x) = a∗0ϕ0(x) + a∗1ϕ1(x) + · · ·+ a∗nϕn(x) k�l
a∗i =

(ϕi, f)

(ϕi, ϕi)
(i = 0, 1, · · · , n).

m�n 6oh�j ϕ0(x), ϕ1(x), · · ·, ϕn(x)
? 3�3�4�5 è n p���X�q , r�s span{ϕ0, ϕ1, · · ·, ϕn}=Hn.

í�C�t S∗(x) u ? f(x)
è ã�ä�ï�ð å�æ n p���X�q , v 9 ö�÷�?�w�x 3

3�4�5 è
n p���X�q ê���! F

1. y�z�{���X�q (Legendre)|�};~
[−1, 1], � ê�� ~ ρ(x) ≡ 1, ����y�z�{���X�q :

P0(x) = 1; � n ≥ 1 .�6 Pn(x) =
1

2nn!

d n

dxn

[
(x2 − 1)n

]
.

�;� (x2 − 1)n
?

2n ��ù���â�6�v 9 ô n �;� ����� 8 ó n ù���â�6
s���� ��� an =

(2

n︷ ︸︸ ︷
n)(2n−1) · · · (n+ 1)

2nn!
=

(2n)!

2n(n!)2
.
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��� 1 4�5����

(Pn, Pm) =
∫ 1

−1
Pn(x)Pm(x)dx =





0 � m 6= n;
2

2n+1
� m = n.

��� õ ϕ(x)=(x2−1)n, í 1

2nn!
ϕ(n)(x)=Pn(x), r�s ϕ(k)(±1)=0 (k<n). � ~

Q(x) ∈ Cn[−1, 1], *
∫ 1

−1
Q(x)Pn(x)dx =

1

2nn!

∫ 1

−1
Q(x)ϕ(n)(x)dx =

1

2nn!

∫ 1

−1
Q(x)dϕ(n−1)(x)

=
1

2nn!

[
Q(x)ϕ(n−1)(x)

]1
−1
− 1

2nn!

∫ 1

−1
ϕ(n−1)(x)dQ(x) = − 1

2nn!

∫ 1

−1
Q ′(x)ϕ(n−1)(x)dx

=− 1

2nn!

∫ 1

−1
Q ′(x)dϕ(n−2)(x)=

(−1)2

2nn!

∫ 1

−1
Q′′(x)ϕ(n−2)(x)dx= · · ·=(−1)n

2nn!

∫ 1

−1
Q(n)(x)ϕ(x)dx.

õ Q(x)=Pm(x), � m 6= n .�6o��� ç m<n, í
∫ 1

−1
Pm(x)Pn(x)dx=

(−1)n

2nn!

∫ 1

−1
P (n)

m (x)ϕ(x)dx=0.

� m=n .�6 ∫ 1

−1
P 2

n(x)dx=
(−1)n

2nn!

∫ 1

−1
P (n)

n (x)ϕ(x)dx=
(−1)n(2n)!

22n(n!)2

∫ 1

−1
(x2−1)ndx=

(2n)!

22n(n!)2

∫ 1

−1
(1−x2)ndx.

ø��#ú�� x= sin t; dx= cos tdt; x:
∫ 1

−1
⇒ t:

∫ π
2

−π
2

, * ∫ 1

−1
P 2

n(x)dx=
(2n)!

22n(n!)2

∫ π
2

−π
2

cos2n+1 tdt=
2

2n+1
.

��� 2 ������� Pn(x) L n ������6�8 Pn(−x) = (−1)nPn(x). A�B
C�6�� ó ϕ(x) = (x2−1)2

? � ê�� 6�v 9 ô � n � � 6�2 n
? � � 6Òí

Pn(x) =
1

2nn!
ϕ(n)(x)

? � ê�� N�2 n
? � � 6Òí Pn(x)

? � ê�� F
��� 3 ��� ö�� � õ xPn(x)=a0P0(x)+a1P1(x)+ · · ·+anPn(x)+an+1Pn+1(x),

3�E�� Pk(x)
����  6�* ∫ 1

−1
xPn(x)Pk(x)dx = ak

∫ 1

−1
P 2

k (x)dx = ak

2

2k+1
.

� k≤n−2 .�6 ak =
2k+1

2

∫ 1

−1
xPn(x)Pk(x)dx =

∫ 1

−1

[
xPk(x)

]
Pn(x)dx = 0;

� k=n .�6 ak =
2k+1

2

∫ 1

−1
xP 2

n(x)dx = 0; ( � ê�����  )

an−1 =
2n−1

2

∫ 1

−1
xPn(x)Pn−1(x)dx

=
2n−1

2

2n

4n2−1
=

n

2n+1
;

an+1 =
2n+3

2

∫ 1

−1
xPn(x)Pn+1(x)dx

=
2n+3

2

2(n+1)

(2n+1)(2n+3)
=

n+1

2n+1
.

� ? xPn(x)=an−1Pn−1(x) + an+1Pn+1(x)=
n

2n+1
Pn−1(x) +

n+1

2n+1
Pn+1(x).

����� *�����¡�¢�� Pn+1(x)=
2n+1

n+1
xPn(x)− n

n+1
Pn−1(x) (n = 1, 2, · · ·).
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� P0(x) = 1;
) � n = 1 .�6 P1(x) =

1

2nn!

d n

dxn

[
(x2−1)n

]
=

1

2

d

dx
(x2−1) = x, �£ �

P2(x) = (3x2 − 1)/2, P3(x) = (5x3 − 3x)/2, P4(x) = (35x4 − 30x2 + 3)/8, · · ·
��� 4

ë p ò ��¤�¥ n s§¦�X � ò ó 1
è ù���¢�¨�© è�ª�« ó

H̃n ⊆ Hn,ë
P̃n(x)=

2nn!

(2n)!
Pn(x), í P̃n(x)

?
H̃n K f(x)≡0

è­¬�® ï�ð�¯�°���X�q .

( ��� ����ó 1)

A�B�C�6�� ~ Qn(x) ∈ H̃n, í Qn(x)− P̃n(x)
?

n−1 ��ù���¢�6�v 9
Qn(x)− P̃n(x) =

n−1∑
k=0

akP̃k(x), 8 Qn(x) = P̃n(x) +
n−1∑
k=0

akP̃k(x), � ?

‖Qn(x)−0‖22=
∫ 1

−1
[Qn(x)]2dx=(Qn, Qn)=(P̃n, P̃n)−

n−1∑

k=0

a2
k(P̃k, P̃k) ≥ (P̃n, P̃n)=‖P̃n(x)−

0‖22.
��� 5 Pn(x) $ |�} (−1, 1) ±;@ n ²­³�´�µ�¶ 0 · (B�¸ ).

õ ϕ(x)=(x2−1)n. � Pn(x)=
1

2nn!
ϕ(n)(x), ¹�º = ϕ(n)(x) $ (−1, 1) ±»@ n

²��¼� è B 0 ½�F�A�B�C�6
ϕ(x) $ [−1, 1] ±;@ 2 ²��¼� è 0 ½ ±1, �;¾�¿�I � 6�*
ϕ′(x) $ [−1, 1] ±;@ 1 ²�À�� ±1

è
0 ½�6ÂÁ�C ±1 v 9 ϕ′(x) @ 3 ² 0

½�N
ϕ′′(x) $ [−1, 1] ±»@ 2 ²�À�� ±1

è
0 ½�6�Á�C ±1 v 9 ϕ′′(x) @ 4 ²

0 ½�N
· · · · · · · · · · · ·

ϕ(n−1)(x) $ [−1, 1] ±»@ n−1 ²�À�� ±1
è

0 ½�6�Á�C ±1 v 9 ϕ(n−1)(x) @ n+1

² 0 ½�Ný�� 6 ϕ(n)(x) $ [−1, 1] ±;@ n ²�À�� ±1
è

0 ½�F
2. Ã�Ä�Å�Æ���X�q (Tchebyshev)|�};~

[−1, 1], I�Ç Tn(x) = cos(narc cos x) |x| ≤ 1, î­Ã�Ä�Å�Æ���X�q .

2�õ x = cos θ, í θ = arc cos x⇒ Tn(x) = cosnθ, 0 ≤ θ ≤ π.

��� 1 ��� ö�� �



T0(x) = 1, T1(x) = x,

Tn+1(x) = 2xTn(x)− Tn−1(x), n = 1, 2, · · ·

A�B�C�6��




cos(n+ 1)θ = cosnθ cos θ − sin nθ sin θ

cos(n− 1)θ = cosnθ cos θ + sin nθ sin θ
, 3�¢�È�Á�6�*
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cos(n + 1)θ = 2 cosnθ cos θ − cos(n − 1)θ, 8 Tn+1(x) = 2xTn(x) − Tn−1(x), n =

1, 2, · · · .
� ? 6 T0(x) = 1, T1(x) = x, T2(x) = 2x−1, T3(x) = 4x3−3x, T4(x) = 8x4−8x2+1, · · · ,

( É P58 Ê 3-1)

�;��� ö�� 6 Tn(x)
?

n ��ù���¢�6���� ����ó 2n−1.

��� 2 Tn(x) L f(x)≡0
è_Ë�Ì1ý�þ 6Í8 Tn(x)

?
f(x)≡0 Î ¬�® ¯�°

��X�q .

Ï�Ð
6 $ |�} [−1, 1] C�Î���� ��� ó 1 Î n ��ù���¢ÑK�6 1

2n−1
Tn(x) L

f(x) ≡ 0 Î�Ò�Z ý�þ 6�r�s�Ò�Z ó 1

2n−1
.

��� Ó 1

2n−1
Tn(x) = xn − P ∗

n−1(x), Ô¼K P ∗
n−1(x)

?�Õ
n− 1 ��ù���¢�F

) ½ xk= cos
k

n
π (k=0, 1, 2, · · · , n)

?
xn−P ∗

n−1(x) Î n + 1 ²×Ö�Ø�Ù�Ú�µ Ë�Ì
·�� .

AÛBÛC 1

2n−1
Tn(xk)=

1

2n−1
cos kπ=(−1)k 1

2n−1
,
)
|xn − P ∗

n−1(x)|=
∣∣∣

1

2n−1
Tn(x)

∣∣∣ ≤
1

2n−1
.

" P ∗
n−1(x)

?
xn Î n−1 � ý�P R�S�ù���¢�6(�) ∣∣∣

1

2n−1
Tn(x)−0

∣∣∣=|xn−P ∗
n−1(x)| Î�Ò�Z ý�þ F

Ü
3(P59)

ô
f(x) = 2x3 + x2 + 2x − 1 $ |�} [−1, 1] C�Î ý�P 2 ��R�S�ù��

¢�F
Ý õ Q(x)=

1

2
[f(x)−P ∗

2 (x)] (3 �pù���¢�6o��� ����ó 1). � ‖f(x)−P ∗
2 (x)‖∞=2‖Q(x)−0‖∞Þ I � 6, ��� ����ó 1 Î 3 ��ù���¢¼K»6 Q(x)=

1

23−1
T3(x) L f(x)≡0 Î�Ò

Z ý�þ 6�� ? 1

2
[f(x)−P ∗

2 (x)]=
1

23−1
T3(x), '�*

P ∗
2 (x) = f(x)−2

1

23−1
T3(x)=(2x3+x2+2x−1)−1

2
(4x3−3x)=x2+

7

2
x−1.

��� 3 ßÑà�á�â�ù���¢�ã ��! {Tn(x)} $ |�} [−1, 1] C�äæå ρ(x)=
1√

1−x2

4�5�F�8

(Tn, Tm) =
∫ 1

−1

Tn(x)Tm(x)√
1− x2

dx =





0 � m 6= n;
π

2
� m = n 6= 0;

π � m = n = 0.
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A�B�C�6Òø�7�� x= cos θ, dx=− sin θdθ,
√

1− x2 = sin θ, x:
∫ 1

−1
⇒ t:

∫ 0

π
, ç

(Tn, Tm) =
∫ 1

−1

Tn(x)Tm(x)√
1−x2

dx =
∫ π

0
cosnθ cosmθdθ =





0 � m 6= n;
π

2
� m = n 6= 0;

π � m = n = 0.

��� 4 ������� T0(x)=1 ��6 T1(x)=x ��6 ) Tn+1(x)=2xTn(x)−Tn−1(x)

L Tn−1(x) �;����6�v 9 Tn(x) L n �;����F
��� 5 Tn(x) $ [−1, 1] @ n ²�B 0 ½�� xk = cos

2k−1

2n
π, k = 1, 2, · · · , n,

A�B�C�6 Tn(xk) = cos(narc cos xk) = cos
2k−1

2
π = 0.

Ï�Ð è
f(x)∈C[−1, 1]. 2 9 xk=cos

2k−1

2n
π∈[−1, 1] (k=1, 2, · · · , n)

ó�é�ÿ�ê ½
ø f(x) Î n−1 � é�ÿ ù���¢ Ln−1(x), ç Ln−1(x)

?
Hn−1 K f(x) Î ý�P R

S�ù���¢�6�8 ‖f(x)− Ln−1(x)‖∞ ë � ý�þ F
��� � f(x)−Ln−1(x)=

f (n)(ξ)

n!
ωn(x), Ô1K ωn(x) = (x−x1)(x−x2) · · · (x−xn)=

1

2n−1
Tn(x)

( ��� ����ó 1).

� ? ‖f(x)−Ln−1(x)‖∞≤
‖f (n)(ξ)‖∞

n!

∥∥∥
1

2n−1
Tn(x) − 0

∥∥∥
∞
,
) 1

2n−1
Tn(x) L 0 Î�Ò

Z ý�þ F

§ 5 ìÑí]î][]\_^]`ïañðïò~ 4�5�ù���¢ {g0(x), g1(x), · · · , gn(x)} ø�ó�6 ô f(x) ∈ C[a, b] Î ¬�®�ôõ ¯�°���X�q Sn(x) = a0g0(x) + a1g1(x) + · · ·+ angn(x), �;4�5���6 d»e

ak =
(f, gk)

(gk, gk)
(k = 0, 1, · · · , n) ⇒ Sn(x) =

n∑

k=0

(f, gk)

(gk, gk)
gk(x).

Q ��Y�Z ó ‖f(x)− Sn(x)‖2 =

√
‖f‖22 −

n∑
k=0

(f, gk)
2

(gk, gk)
=

√
‖f‖22 −

n∑
k=0

a2
k‖gk‖22.

Ü
4(P62)

ô
f(x) = ex $ |�} [−1, 1] C�Î 3 � ý�P�Q ��R�S�ù���¢�F

Ý
(1) ö�÷�ø�ù�4�5�ù���¢�ø�ó�6ú8�õ S∗

3(x) = a∗0P0(x)+a∗1P1(x)+a∗2P2(x)+

a∗3P3(x),d;e
a∗k =

(f, Pk)

(Pk, Pk)
=

2k + 1

2

∫ 1

−1
f(x)Pk(x)dx, û�ü�*
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a∗0 =
1

2

∫ 1

−1
ex · 1dx =

e− e−1

2
≈ 1.175; a∗1 =

3

2

∫ 1

−1
ex · xdx ≈ 1.1036;

a∗2 =
5

2

∫ 1

−1
ex
(3

2
x2 − 1

2

)
dx ≈ 0.3578; a∗3 =

7

2

∫ 1

−1
ex
(5

2
x3 − 3

2
x
)
dx ≈ 0.07046.

� ? S∗
3(x) = 1.175P0(x) + 1.1036P1(x) + 0.3578P2(x) + 0.07046P3(x)

= 1.175 + 1.1036x+ 0.3578
(3

2
x2 − 1

2

)
+ 0.07046

(5

2
x3 − 3

2
x
)

= 0.9963 + 0.9979x+ 0.5367x2 + 0.1761x3.Q ��Y�Z ó ‖ex − S∗
3(x)‖2 =

√√√√
∫ 1

−1
e2xdx−

n∑

k=0

2

2k + 1
a∗2k ≤ 0.0084.

(2) ö�ß1àfá�â�4�5�ù���¢�ø�ó�6i8�õ S∗
3(x) = b∗0T0(x)+b

∗
1T1(x)+b

∗
2T2(x)+

b∗3T3(x).

* b∗k =
(f, Tk)

(Tk, Tk)
=





1
π

∫ π
0 e

cos xdθ � k = 0;
2
π

∫ π
0 e

cos θ cos kθdθ � k ≥ 1.

§ 7 ý�þ]ÿ����������
	��d»e ã � y = f(x) @�&���B < ��
 (xi, yi) (0, 1, 2, · · · , m), ����R�S�ã�
S∗(x)∈span{ϕ0, ϕ1, · · · , ϕn}, ��$�½ xi C�Î�Y�Z S∗(xi) − yi ������������ F ���
6 è S(x) = a0ϕ0(x) + a1ϕ1(x) + · · ·+ anϕn(x) =

n∑
j=0

ajϕj(x),��� � å ô�õ�! ‖δ‖22 4
=

m∑
i=0

ρ(xi)[S(xi)− yi]
2, Ô¼K ρ(x) ≥ 0

? å�"�# .$�%
: &�'�(�Î�&�� {ai} � ‖δ‖2 ���*)
8�+
��,�-

ã � I(a0, a1, · · · , an)
4
=

m∑
i=0

ρ(xi)
[ n∑

j=0
ajϕj(xi) − yi

]2 Î�. ��/021 F
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3 ∂I

∂ak

= 0, 8 m∑
i=0

ρ(xi)ϕk(xi)
[ n∑

j=0
ajϕj(xi)− yi

]
= 0 (k = 0, 1, 2, · · · , n).

I�Ç�4�57628 : (f, g)
4
=

m∑
i=0

ρ(xi)f(xi)g(xi), ç�C�¢�8
��9
� a0, a1, · · · , an

Î n+1

-�:
��;�<�=�>

n∑
j=0

aj

m∑
i=0

ρ(xi)ϕk(xi)ϕj(xi)=
m∑

i=0
ρ(xi)ϕk(xi)yi⇒

n∑
j=0

(ϕk, ϕj)aj=(ϕk, y) (k=0, 1, · · · , n).

m�n�? h�j ϕ0(x), ϕ1(x), · · · , ϕn(x) @�@�A�B�C�D ?FE

(ϕj, ϕk) =
m∑

i=0

ρ(xi)ϕj(xi)ϕk(xi)=





0 � j 6=k;
Ak>0; � j=k,

ç a∗k =
(ϕk, y)

Ak

(k = 0, 1, 2, · · · , n), G�;�H�I
�
‖δ‖22 = ‖f‖22 −

n∑
k=0

Aka
∗2
k .
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J K L M N O P

§ 1 Q�R
1. S�T�U�8�V�W�XY8�Z�[\�]

f(x) ^7_�` [a, b] a�bcU�8�Ved�f
�
>

I=
∫ b

a
f(x)dx

4
= lim

λ→0

n∑

i=1

f(ξi)∆xi ≈
n∑

i=1

f(xi)∆xi.

-

6

O

y

xa b

r

r

f(a)

f(b)f(x)

g�h7i2j�k�l�m Z�[ :
∫ b

a
f(x)dx=F (b)−F (a),n7o

F (x) p f(x) b�q�rts�u�v , w F ′(x)=f(x).x�y > z�z f(x) {}|7~2� F (x) �7�2�����Y��7�
( �2�7�2� ), ���2�7�2� ?�� |�~�� F (x){2�2�7~2���������Y� ?F������������� �� {*v�¡�¢�£�¤�¥ .

U�¦�V�§�¡�U�¨ :
∫ b

a
f(x)dx=(b− a)f(ξ), ξ ∈ (a, b). ©�ª f(x)∈C[a, b].«�¬ a�ª ξ ­�®�¯�°�±F²�°Y³�´Yµ�¶�·Y¸�ª f(ξ). ¹2º

(1) f(ξ) ≈ f(a) + f(b)

2
, » T=

b− a
2

[
f(a) + f(b)

]
; ( ¼�½�¾�¿ )

(2) f(ξ) ≈ f
(a+ b

2

)
, » R=(b− a)f

(a+ b

2

)
. ( À�½�¾�¿ )

q�Á�Â n∑
k=0

ρkf(xk) ≈ f(ξ),
n7o

x0, x1, · · · , xn p7_�` [a, b] a�b�Ã�Ä�±
ρk p�Å�Ã�Ä�bYÆ�±FÇ�È n∑

k=0
ρk = 1.

ÉËÊ ∫ b

a
f(x)dx = (b−a)f(ξ) ≈ (b−a)

n∑

k=0

ρkf(xk) =
n∑

k=0

Akf(xk),
nÌo

Ak=(b−a)ρk.

U�Í ^7_�` [a, b] a�Â�Ã�Ä x0, x1, · · · , xn. Î�µ�¶�Ï�Ð
∫ b

a
f(x)dx ≈

n∑

k=0

Akf(xk)
4
= In.
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Ñ�Ò�Ó r�¾Y¿YÔ X�¦�Z�[ , xk

Ò ÔÕX�¦�Ö�× , Ak

Ò ÔÕX�¦�Ø�v , ­ Ò Ô
xk b�Ù .Ú X : Ak Û�Ü xk Ð�Ý�± Ü f(x) Þ�Ý�ß
X�¦�Z�[�à�á�âäã (1) ³�å�æ�ç (2) µ�¶�æ�ß

2. è�v�é�ê
ª�ë�¾�¿�p�µ�¶�¾�¿�±}²�°�©�ªíì�î�ï�ð�ñ�ò�ó�ßõô�º�ö�÷�ø�ù�¯°*ú}û�ü�b�ý�ðYp�þYÿ�ú
(1) ª�ë�¾�¿��Õì�î�ï��íb \�] ò�ó�ç
(2) ª�ë�¾�¿�����v�ì�î�ï��Õb�����¿�òYó�ß

U�Í 1 Î�X�¦�Z�[ ∫ b

a
f(x)dx ≈

n∑

k=0

Akf(xk) (1.3)

	
f(x) ∈ Hm( 
 ] ≤ m b���� ¿ \�] ) ð ñ ò ó ± Ê 	 f(x) b�
 ] Ô m+1� ¾�¿�®�q�d�ðYñ�òYó�± Ñ�ÒYÓ rYª�ë�¾Y¿�
�� m ��è�v�é�ê .������� ã

(1) ¼�½�¾�¿ ∫ b

a
f(x)dx=

b− a
2

[
f(a) + f(b)

]
( Ã�Ä 2 r : a, b ) Ü

À�½�¾�¿ ∫ b

a
f(x)dx=(b− a)f

(a+ b

2

) ( Ã�Ä 1 r :
a+ b

2

)

��� Ð�q�
�� ]���� ß
(2) Î�¾�¿ (1.3)

� Ð m 
�� ]���� ± w�� f(x) = 1, x, · · · , xm
� ð�ñ�òó�± Ñ

∑
Ak =

∫ b

a
1dx = b− a;

∑
Akxk =

∫ b

a
xdx =

1

2
(b2 − a2); · · · · · ·

∑
Akx

m
k =

1

m+ 1
(bm+1 − am+1).

3. ��¡���X�¦�Z�[x�y ã ������������ "!$#���%�&�{ � ��' � ú$(�) xk =? * Ak =?+-,�.�/��
f(x) ≈ Ln(x) =

n∑
k=0

f(xk)lk(x).

(
n7o

lk(x) =
(x− x0) · · · (x− xk−1)(x− xk+1) · · · (x− xn)

(xk−x0) · · · (xk−xk−1)(xk−xk+1) · · · (xk−xn)
p0��¡�1�u�v )

2�3 ë�4 ± » ∫ b

a
f(x)dx≈

n∑

k=0

[
∫ b

a
lk(x)dx]f(xk), w Ak=

∫ b

a
lk(x)dx. ( Ü f(x)

Þ�Ý )
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U�Í ª�ë�5 ] Ak =
∫ b

a
lk(x)dx b�ª�ë�¾�¿ Ò Ô���¡��eª�ë�¾�¿�ß

,6.67 ªËëË¾ ¿�b�8�� R[f ]=
∫ b

a
f(x)dx−

n∑

k=0

Akf(xk)=
∫ b

a

f (n+1)(ξ)

(n+1)!
ωn+1(x)dx.

U�¨ 1 ª�ë�¾�¿ ∫ b

a
f(x)dx ≈

n∑

k=0

Akf(xk)
� Ð n 
�� ]���� ⇐⇒ 9�p ,�.

7 b�ß
:�;

“⇒” 4�<YÂ f(x)=lj(x) (j=0, 1, · · · , n) ��=YªYëY¾Y¿Y± Ñ ¾�¿�ð�ñ�ò
ó�±�w�»

∫ b

a
lj(x)dx =

n∑

k=0

Aklj(xk) = Aj ( >2Ô 	 k 6= j
� ± lj(xk) = 0 ).

“⇐ ” ? f(x) b�
 ] ≤ n,
Ñ�@�A » f (n+1)(ξ)

(n+1)!
ωn+1(x) = 0, B�8�� R[f ] =

0.
:�C

§ 2 DFE GIHKJKLKMON
1. P�á�Q�Ø�v
��_Y` [a, b] R n S�4Y±$T�U h=

b− a
n

, »�S�VYÃYÄ xk = a + kh (k =

0, 1, · · · , n).Ó �
Ak =

∫ b

a
lk(x)dx =

∫ b

a

n∏

j=0

j 6=k

x−xj

xk−xj

dx=h
∫ n

0

n∏

j=0

j 6=k

t−j
k−j dt,

n7o
x=a+ht, dx=hdt, x:

∫ b

a
⇒ t:

∫ n

0
, W�X x−xj=(t−j)h, xk−xj=(k−j)h.

Y
C

(n)
k =

Ak

b− a,
Ò�Z�[�\ 5 ] ± Ó � ª�ë�¾�¿ Òíg�h^] P�á�Q�Z�[ .

C
(n)
k =

Ak

b− a =
1

n

∫ n

0

n∏

j=0

j 6=k

t−j
k−j dt =

(−1)(n−k)

nk!(n−k)!
∫ n

0

n∏

j=0

j 6=k

(t−j)dt.

n7o ±$4�_ (k−0)(k−1)· · ·(k−(k−1)︸ ︷︷ ︸
k!

)(k−(k+1))(k−(k+2)) · · · (k − n︸ ︷︷ ︸
(−1)n−k(n−k) !

)

¯a`-bac2ã C
(n)
n−k = C

(n)
k . ( d�e�f )

g 	
n = 1

� ± C
(1)
0 = (−1)

∫ 1

0
(t− 1)dt =

1

2
= C

(1)
1 . ( � Ò æ )

h p I1=(b−a)[C(1)
0 f(a) + C

(1)
1 f(b)]=

b− a
2

[
f(a) + f(b)

] 4
= T. ( ¼�½�¾�¿ )
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n = 2

� ± C
(2)
0 = C

(2)
2 =

1

4

∫ 2

0
t(t−1)dt =

1

4

∫ 2

0
(t2−t)dt =

1

4

(8

3
− 4

2

)
=

1

6
,

C
(2)
1 = −1

2

∫ 2

0
t(t− 2)dt = −1

2

∫ 2

0
(t2−2t)dt = −1

2

(8

3
− 8

2

)
=

4

6
.Ó � b�ª�ë�¾�¿ I2 =

b− a
6

[
f(a) + 4f

(a+ b

2

)
+ f(b)

] 4
= S. ( i�j�¾�¿ )

Z�[�\ 5�k (n ≤ 6) l�m�n�ã
o

4-1(P86)

n C
(n)
k

1 1
2

1
2

2 1
6

2
3

1
6

3 1
8

3
8

3
8

1
8

4 7
90

16
45

2
15

16
45

7
90

5 19
288

25
96

25
144

25
144

25
96

19
288

6 41
840

9
35

9
280

34
105

9
280

9
35

41
840

Ó�p c 	 n q�r � ±ts h^] P�á�QÕ¾�¿�®�u�å�ß
2. v�w�x�¦�y�z�àYè�v�éYê

{ ¨ 2
	

n Ô�|�k � ±$}�~ ]�Z�[�\ ¾�¿���� � Ð n+ 1 
���k ��� ß
:�; ? f(x)∈Hn+1, ��b�}�~ ]�Z�[�\ ¾Y¿�� f(x) ðYñYòYóY±�w�b�8��
R[f ]=0.«�¬�� ± R[f ]=

∫ b

a

f (n+1)(ξ)

(n+ 1)!
ωn+1(x)dx=

∫ b

a
ωn+1(x)dx=h

n+2
∫ n

0

n∏
j=0

(t−j)dt

= hn+2

n
2∫

−n
2

n∏
j=0

(u+
n

2
−j)du=hn+2

n
2∫

−n
2

n
2∏

i=−n
2

(u− i)dt=hn+2

n
2∫

−n
2

u

n
2∏

i=1
(u2 − i2)dt=0.

( ����k���� Ò"��� � ë�4 )n7o
u=t− n

2
(
n

2
Ô���k ), t:

∫ n

0
⇒ u:

∫ n
2

−n
2

; i=j − n

2
, j:

n∏
j=0
⇒ i:

n
2∏

i=−n
2

.

3. ������w�x�¦�y�z�à����
(1)
	

n=1
� ± ª�ë�¾�¿�Ô�����y�z . 8�� RT =

∫ b

a

f ′′(ξ)

2
(x−a)(x−b)dx.+

(x−a)(x−b)≤0,
Ñ
∃ η∈(a, b),�

RT =
f ′′(η)

2

∫ b

a
(x−a)(x−b)dx=f

′′(η)

2

∫ b

a
(x−a)2+(x−a)(b−a)dx=− f ′(η)

12
(b−a)3.
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{ ¦6�Ë§Ë¡ { ¨ : Î f(x)∈C[a, b], g(x) �6�Ë± Ñ ∫ b

a
f(x)g(x)dx=f(ξ)

∫ b

a
g(x)dx, ξ∈(a, b).:6; ®��6? g(x)≤0. ? M,m � f(x) � [a, b]

�6�6� r �6� . ±�� m≤f(x)≤M,Ñ
mg(x)≥f(x)g(x)≥Mg(x)⇒m

∫ b

a
g(x)dx≥

∫ b

a
f(x)g(x)dx≥M

∫ b

a
g(x)dx.

m≤

∫ b

a
f(x)g(x)dx
∫ b

a
g(x)dx

≤M⇒f(ξ)=

∫ b

a
f(x)g(x)dx
∫ b

a
g(x)dx

, ξ∈(a, b)⇒
∫ b

a
f(x)g(x)dx=f(ξ)

∫ b

a
g(x)dx.

(2)
	

n=2
� ±�ª�ë�¾�¿YÔ��� �¡t¾�¿�ß

Â�S�V�Ã�Ä a<c=
a+b

2
<b R 3 
 ,�. ���Y¿ H(x)=a0+a1x+a2x

2+a3x
3,�

H(a)=f(a), H(b)=f(b), H(c)=f(c), H ′(c)=f ′(c). ¯6¢¤£ 4 ¥6¦6§6¨ a0, a1, a2, a3.+ §6© 2
� i6j6ª6«6¬�­�® 3 ¯6°6k6±6²�³�´ ∫ b

a
H(x)dx=

b−a
6

[H(a)+4H(c)+H(b)].

µ�¶ ∫ b

a
f(x)dx≈b−a

6
[f(a)+4f(c)+f(b)]=

b−a
6

[H(a)+4H(c)+H(b)]=
∫ b

a
H(x)dx.

· h�¸�¹�º�»�¼
R(x)=f(x)−H(x) =

f (4)(ξ)

4!
(x−a)(x−c)2(x−b).

½�¾�� ³$¿ φ(t)=f(t)−H(t)− f(x)−H(x)

(x−a)(x−c)2(x−b)(t−a)(t−c)
2(t−b).

À�Á
φ(t) ® 4 ¥ 0 Â a, c, b, x, Ã-Ä φ′(t) ® 3+1 ¥ 0 Â ( Å�Æ�¥ 0 Â�� c), ÇÈ

0=φ(4)(ξ)=f (4)(ξ)−0− f(x)−H(x)

(x−a)(x−c)2(x−b) 4! . ��©�É�´ È º�» «�¬�Ê
Ë ��Ì�Í�ª�«�¬ � º�»�¼

RS=
∫ b

a
[f(x)−H(x)]dx=

∫ b

a

f (4)(ξ)

4!
(x−a)(x−c)2(x−b)dx=f (4)(η)

4!

∫ b

a
(x−a)(x−c)2(x−b)dx

= −b− a
180

(
b−a
2

)4f (4)(η) = −(b− a)5

2880
f (4)(η).

4. Î�Ï�Ð�Ñ�Ò
ÓaÔ�Õ

[a, b] ¿ n Ö�×�³ÙØ�Ú h=
b− a
n

, ×�Â xk = a+ kh (k = 0, 1, · · · , n).Û�Ü ¥ � Ô�Õ [xk, xk+1] Ý�Þàß�áàâ�ã�«�¬ ( äæå�ç�è�«�¬�³éÌ�Í�ª
«�¬ ),Á É�â�ê�³éë�ì�í�î�ïðÎ�Ï�Ð�Ñ�Ò , ´

I =
∫ b

a
f(x)dx =

n−1∑
k=0

∫ xk+1

xk

f(x)dx ≈
n−1∑
k=0

Ik,ñaò
Ik ó�ô � Ô�Õ [xk, xk+1] Ý�â ∫ xk+1

xk

f(x)dx
��õaö â�ã�«�¬�Ê

(1) Î�Ï�÷�ø�ù�ú : Ik =
h

2

[
f(xk) + f(xk+1)

]
,
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û
Tn =

n−1∑
k=0

Ik =
n−1∑
k=0

h

2

[
f(xk) + f(xk+1)

]
=
h

2

[
f(a) + 2

n−1∑
k=1

f(xk) + f(b)
]
.

(2) Î�Ï��� �¡�ù�ú : Ik =
h

6

[
f(xk) + 4f(xk+ 1

2

) + f(xk+1)
]
,

û
Sn =

n−1∑
k=0

h

6

[
f(xk)+4f(xk+ 1

2

)+f(xk+1)
]

=
h

6

[
f(a)+4

n−1∑

k=0

f(xk+ 1

2

)+2
n−1∑

k=1

f(xk)+

f(b)
]
.

Îaü :

(1) f(x) ∈ C[a, b], x0, x1, · · · , xn−1 ∈ [a, b],
û 1

n

n−1∑
k=0

f(xk) = f(ξ), ξ ∈ [a, b];

½�¾ Ý�³ · m ≤ 1

n

n−1∑
k=0

f(xk) ≤M ´ È Ê
(2) ç6è6«6¬ º�» RT =

∫ b

a

f ′′(ξ)

2
(x−a)(x−b)dx=f

′′(η)

2

∫ b

a
(x−a)(x−b)dx=−f

′(η)

12
(b−a)3;

(3) Ì�Í�ª�«�¬ º�» RS=
∫ b

a

f (4)(ξ)

4!
(x−a)(x−c)2(x−b)dx=− (b− a)5

2880
f (4)(η).Ë �ýÎ�Ï�÷�ø�ù�ú�þ�Î�Ï��� �¡�ù�ú � º�» ×�ÿ�� ¼

I − Tn =
n−1∑
k=0

[
− h3

12
f ′′(ηk)

]
= −h2 b− a

12n

n−1∑

k=0

f ′′(ηk) = −b− a
12

h2f ′′(η);

( þ h2 ��� ä-³$´�� O(h2)
ö�����	

)

I − Sn =
n−1∑
k=0

[− h5

2880
f (4)(ηk)] = −b− a

2880
h4f (4)(η). ( þ h4 ��� äæ³$´�� O(h4)

ö
����	

)



1(P89) �
� ó 4-2 �
�
� ¸�¹���� ³���Þ�����â�ã�î���� I =

∫ 1

0

sin x

x
dx.

� � Ô�Õ
[0, 1] ��� n = 8 Ö�×�³ Þ�����ç�è�«�¬�����³ È T8 = 0.9456909;¶ å
� � Ô�Õ [0, 1] ��� n = 4 Ö�×�³��
��Þ
�
��Ì�Í�ª�«�¬�����³! �Þ�" 9# Â���$�% ¹ ³ È S4 = 0.9460832. &�'�(�)�����ã�×�Ç È I =

∫ 1

0

sin x

x
dx =

0.9460831. * Á S4 + )�,�Ê

§ 3 -/.10/243
1. ÷�ø�Ò�5�6�7�Ï
Ó Ë Î�Ï�Ð�Ñ�Ò , * Á�8�9 ×�Â�³;:�<�Ø�Ú�Ç���=�±�²�Ê?>�@�A�BDC

®���E���³ û�F Þ�G�H���I�¯�×�J�î�³�´ Û [xk, xk+1] Ý�³ Ó ç�è�«�¬KC-®
Ik=

h

2

[
f(xk)+f(xk+1)

]
,
9ML Æ # ×�Â xk+ 1

2

=
1

2
(xk+xk+1),

È h

4

[
f(xk)+2f(xk+ 1

2

)+

f(xk+1)
]
,
Ë �
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T2n =
h

4

n−1∑

k=0

[
f(xk) + f(xk+1)

]
+
h

2

n−1∑

k=0

f(xk+ 1

2

) =
1

2
Tn +

h

2

n−1∑

k=0

f(xk+ 1

2

).

N
: xk+ 1

2 O�P Ü�# 	 Ô�Õ � ò Â�Ê

2(P91) ����ã�× I =

∫ 1

0

sin x

x
dx.

� Q
f(x) =

∫ 1

0

sin x

x
dx. R Ó�S # [0, 1]

Ô�ÕUT Þ�ç�è�«�¬�³ û · f(0) = 1,

f(1) = 0.8414709,
È

T1 =
1

2

[
f(0)+f(1)

]
= 0.9207355.

V Ó
[0, 1]
Ô�ÕXW Ö�×�³Y��âDZ ò Â�$�% ¹ f

(1

2

)
= 0.9588510,

·X[
\ «�¬�³È
T2 =

1

2
T1 +

1

2
f
(1

2

)
= 0.9397933.

] Æ�Ø W ×�³^������_�×�Â���$�% ¹�` f
( 1

4

)
= 0.9896158, f

(3

4

)
= 0.9088516,a È

T4 =
1

2
T2 +

1

4

[
f
(1

4

)
+ f

(3

4

)]
= 0.9445135. · · · · · ·

2. b�c�d�ù�úegf �g��ç�è�«�¬�³ihkj I − Tn = −b − a
12

h2f ′′(η), ,glgm�þ h2 �g�
ä-³ Ë ��,�l�m�®
I−T2n

I−Tn

≈(h
2
)2

h2
=

1

4
⇒ 4(I−T2n) ≈ I−Tn ⇒ 3(I−T2n) ≈ T2n−Tn ⇒ I−T2n ≈

1

3
(T2n−Tn).

· Ë
I = T2n + (I − T2n) ≈ T2n +

1

3
(T2n − Tn), ¿���Æ�ìon�p ,

û
T = T2n +

1

3
(T2n − Tn) =

4

3
T2n −

1

3
Tn q ä T2n + ±�r�Ê½�¾ Ý�³s(�)�t�ugv ` Sn =

4

3
T2n −

1

3
Tn, ´�w�x�É�������ç�è�«�¬�þ

=�Æ ö ������Ì�Í�ª�«�¬�Ö ¹ Êy�z ³U����Ì�Í�ª�«�¬��gh�j I−Sn=− b−a
2880

h4f (4)(η), ,�l�m�þ h4 �
� ä-³ Ë �� �,�lgm�®
I−S2n

I−Sn

≈(h
2
)4

h4
=

1

16
⇒ 16(I−S2n) ≈ I−Sn ⇒ 15(I−S2n) ≈ S2n−Sn ⇒ I−S2n ≈

1

15
(S2n−Sn).

{ ·
I = S2n + (I − S2n) ≈ S2n +

1

15
(S2n − Sn), ¿���Æ�ìon�p ,
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û
S = S2n +

1

15
(S2n − Sn) =

16

15
S2n −

1

15
Sn ä S2n + ±�r�Ê

��r�³|w�x�Ég���g��Ì�Í�ª�«�¬�þ + = ö �����g}�~g��«�¬�Ö ¹g`
Cn =

16

15
S2n −

1

15
Sn.

� � yU� ������³é´ Ó }g~g��«�¬g ]g� wgx�³i��Ç È " + = ö �����â�ã�«�¬ `
Rn =

64

63
C2n −

1

63
Cn. ( ï�b�c�d�ù�ú )

b�c�d���Ò :

T0(h)
4
= Tn ( ����ç�è�«�¬ );

T1(h)
4
=

4

3
T2n −

1

3
Tn =

4

4− 1
T0

(h
2

)
− 1

4− 1
T0(h) ( ����Ì�Í�ª�«�¬ );

T2(h)
4
=

42

42 − 1
T1

(h
2

)
− 1

42 − 1
T1(h) ( ����}�~���«�¬ );

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
Tk(h) =

4k

4k − 1
Tk−1

(h
2

)
− 1

4k − 1
Tk−1(h) ï�b�c�d���Ò .



3(P93) Þ�b�c�d���Ò�����ã�× I =

∫ 1

0

sin x

x
dx.

� R���Þ�����ç�è�«�¬g��� (n = 1, 2, 4, · · · , 2k, · · ·), ´�� ó�� Æ�� `
�

4-4(P93)

k T0(h/2
k) T1(h/2

k−1) T2(h/2
k−2) T3(h/2

k−3)

0 T1 = 0.9207355

1 T2 = 0.9397933 S1 = 0.9461459

2 T4 = 0.9445135 S2 = 0.9460869 C1 = 0.9460830

3 T8 = 0.9456909 S4 = 0.9460833 C2 = 0.9460831 R1 = 0.9460831

Ë � I =
∫ 1

0

sin x

x
dx ≈ R1 = 0.9460831.

§ 4 �g�/�4�
1. �����

���
: ��â�ã�«�¬ ∫ b

a
f(x)dx≈

n∑

k=0

Akf(xk) ­�® 2n+1 ¯�°�%�±�²�³ û ï����
��ù�ú ,

ñaò ��â�ã���Â�ïg������� .
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���
: �K���K���D�D ¢¡g£D¤g�U�D�1 �M¥
4:
Q �6ÂM� xk (k = 0, 1, · · · , n), ¦ ω(x)=(x−x0)(x−x1)· · ·(x−xn)=

n∏
k=0

(x−xk).

( §-ë�¨���Â����g��© 	gª 1 « » ¬ )

¿­¬�®�¯àâ�ã�°�¬ ` ∫ b

a
f(x)dx ≈

n∑

k=0

Akf(xk),
ñaò

Ak =
∫ b

a
lk(x)dx.

û

x0, x1, · · · , xn ��=���Â ⇐⇒ ∀ P (x) ∈ Hn, ±�® ∫ b

a
P (x)ω(x)dx = 0.

( ´ ω(x) þ�²�'�¯�% ≤ n ��« » ¬ P (x) ��³ )

´�µ
“⇒ ” ² O P (x) ∈ Hn, ¶�u ∫ b

a
P (x)ω(x)dx = 0.½�¾ Ý�³ P (x)ω(x) ��¯
% ≤ n+(n+1) = 2n+1,

· Ë
x0, x1, · · · , xn �
=
�

Â6³·G¸§ â6ã
°�¬ Ó P (x)ω(x) ¹Mr �Mº ³�´ ∫ b

a
P (x)ω(x)dx=

n∑

k=0

AkP (xk)ω(xk) =

0.

> ÜM# xk ±M� ω(x) �M�6³·G¸§ ω(xk) = 0 (k = 0, 1, · · · , n),
µ6¶ ∫ b

a
P (x)ω(x)dx =

0.

“⇐ ” ² O f(x) ∈ H2n+1, ¶�u ∫ b

a
f(x)dx=

n∑

k=0

Akf(xk).

½�¾ Ý�³ · « » ¬�»�î�³½¼ Û P (x), Q(x)∈Hn,
T

f(x)=P (x)ω(x)+Q(x).
Ë �

∫ b

a
f(x)dx =

∫ b

a
P (x)ω(x)dx+

∫ b

a
Q(x)dx =

n∑

k=0

AkQ(xk) =
n∑

k=0

Akf(xk)

· �
� v ∫ b

a
P (x)ω(x)dx = 0 ,

· ¸�¹
¾ °
¿�v ∫ b

a
Q(x)dx =

n∑

k=0

AkQ(xk) ,

��À f(xk)=P (xk)ω(xk)+Q(xk)=Q(xk) (k = 0, 1, · · · , n).

2. ���ÂÁ?Ã�Ä�Å�ÆgÇ�úe�f
[−1, 1]

Ô�Õ Ý���=���°�¿�Ê · Ë n+1 ÈÉÃ�Ä�Å�Æ�Ç�ú Pn+1(x) þ
P0(x) = 1, P1(x) = x, P2(x), · · · , Pn(x) ��³ ³ Ã-Ä���þ�G�Ê�È�%�Ë�Ì�Í n È��
« » ¿ ��³�Î|Ï ñ 0 Â�±���=���Â�Ê$ë�Ð���=g��°g¿�ïÑ��� - Ã�Ä�Å�ù
ú .
 Ò

n = 1. O P2(x) =
1

2
(3x2 − 1) ��Ó # 0 Â ± 1√

3

Ô =�� - Õ�Ö�×�°�¿ `
∫ 1

−1
f(x)dx ≈ A0f(− 1√

3
) + A1f(

1√
3
). ( Ø�Ê 3 È�Ù�%�Ú�Û )

��â�Ü�% A0, A1, ×�ÿ�Ù L f(x) ≡ 1, f(x) ≡ x, q ¹�r ��º `



A0 + A1 = 2

−A0√
3

+
A1√

3
= 0

, Ý�Þ



A0 = 1

A1 = 1
, Ï ∫ 1

−1
f(x)dx ≈ f(− 1√

3
) + f(

1√
3
).
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3. ����ù�ú�5�ß�Ç
��¥

5 =���°�¿ ∫ b

a
f(x)dx ≈

n∑

k=0

Akf(xk) ��à�á `

R =
∫ b

a
f(x)dx−

n∑

k=0

Akf(xk)=
f (2n+2)(ξ)

(2n+ 2)!

∫ b

a
ω2(x)dx.

´�µ O�â f(x).
Û ��ã x0, x1, · · · , xn Ý�ä�å�È�%�Ë�Ì�Í 2n+1 � Hermite æç «�á�¿ H(x), è�é H(xk)=f(xk), H

′(xk)=f
′(xk) (k = 0, 1, · · · , n).

ë�Ð ∫ b

a
H(x)=

n∑
k=0

AkH(xk)=
n∑

k=0
Akf(xk).

Ë � Î R =
∫ b

a
f(x)dx−

n∑
k=0

Akf(xk)=
∫ b

a
f(x)dx−

∫ b

a
H(x)dx=

∫ b

a
[f(x)−H(x)]dx

=
∫ b

a

f (2n+2)(η)

(2n+2)!
ω2(x)dx=

f (2n+2)(ξ)

(2n+2)!

∫ b

a
ω2(x)dx. (ω2(x) A�ê )

´�ë
ü ��ì�í (P106)

1. r â ����â�ãg°�¿ ò ��î â�ï % Î T â�ã�°�¿g��Ùg%�Ú�Ûgð�ñg= `
1)
∫ h

−h
f(x)dx ≈ A−1f(−h) + A0f(0) + A1f(h).

� ×�ÿ � f(x) ≡ 1, x, x2 Ù L Î � Ò â�ã�°g¿ �gº `




A−1 + A0 + A1 = 2h

A−1(−h)+0+A1h = 0

A−1(−h)2+0+A1h
2=2

3
h3

, Ý�Þ A−1=A1=
h

3
, A0=

4h

3
,

Ï ∫ h

−h
f(x)dx ≈ h

3
f(−h) +

4h

3
f(0) +

h

3
f(h). Ø�Ê 3 È�Ù�%�Ú�Û

(�)�����v ` ∫ h

−h
x3dx = 0 =

h

3
(−h)3 + 0 +

h

3
h3.

∫ h

−h
x4dx =

2h5

5
6= h

3
(−h)4 + 0 +

h

3
h4.

2.

1) Þ�ò�ó�ô�°�¿g��� ∫ 1

0

x

4+x2
dx=

b−a
6

[
f(a)+4f

(a+b
2

)
+f(b)

]
=

1

6

(
0 + 4

1
2

4 + 1
4

+

1

5

)
=

19

170
.

3) Þ�����ç�è�°g¿���� ∫ 9

1

√
xdx (n = 4).

õ Ò 1: Tn =
n−1∑
k=0

Ik =
n−1∑
k=0

h

2

[
f(xk) + f(xk+1)

]
=
h

2

[
f(a) + 2

n−1∑
k=1

f(xk) + f(b)
]
.ö�÷

n = 4, h=2, x0=1, x1=3, x2=5, x3=7, x4=9.û
T4 =

3∑
k=0

Ik=
2

2

[
f(1)+2

3∑
k=1

f(xk)+f(9)
]
=1+2(

√
3+
√

5+
√

7)+3=4+2(
√

3+
√

5+
√

7).
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õ�ø
2: T2n =

h

4

n−1∑

k=0

[
f(xk) + f(xk+1)

]
+
h

2

n−1∑

k=0

f(xk+ 1

2

) =
1

2
Tn +

h

2

n−1∑

k=0

f(xk+ 1

2

).

ù�ú
: xk+ 1

2 O�P Ü�# 	Dû�ü �DýUã ( Ï _ 8�9 ��þ�ã ).ÿ ö
T1=

b− a
2

[
f(a) + f(b)

]
=

9−1

2
(
√

9 +
√

1)=16, Þ
T2=

1

2
T1+

9−1

2
f(5)=8+4

√
5, T4=

1

2
T2+2(

√
3+
√

7)=4+2(
√

5+
√

3+
√

7).

11. �­b�c�d�� ø ������þ I =
∫ 3

1

1

x
dx (=

[
ln x

]3
1
= ln 3≈1.098612289).

� R������������g°�¿g��� T1, T2, T4, T8, · · · , T2k , · · ·
T1=

b− a
2

[
f(a) + f(b)

]
=

3−1

2
(
1

1
+

1

3
)=1.333333,

C�v [�\ °�¿ T2n=
1

2
Tn +

h

2

n−1∑

k=0

f(xk+ 1

2

) ( �Ký xk+ 1

2

� _ 8�9 ��þ�ã ).

�
n=2k Ð Î
	�� � h=

b−a
2k

.
]�� 	 Ô 2n = 2k+1 
 þ�Ð Î ÿ 	�� � b−a

2k+1
, �

À
þMã � a+j

b−a
2k+1

(j=0, 1, · · ·, 2k+1), _��MþMã � j O ��� Î·Ï a+(2i−1)
b−a
2k+1

(i=1, 2, · · ·, 2k).

÷��
T2k+1=

1

2
T2k +

b−a
2k+1

2k∑

i=1

f
[
a+ (2i−1)

b−a
2k+1

]
.
ö���� Þ������ �����

k T2k S2k C2k R2k

0 T1=1.333333 S1=1.111111 C1=1.099258 R1=1.098630

1 T2=1.166667 S2=1.099999 C2=1.098640

2 T4=1.166666 S4=1.098725

3 T8=1.103210

� ö
Sn =

4

3
T2n −

1

3
Tn,
Ï S2k =

4T2k+1 − T2k

3
(k = 0, 1, · · · , ), Þ���������� 

ö
C2k =

42S2k+1 − S2k

42 − 1
(k = 0, 1, · · · , ), Þ�������! �� 

ö
R2k =

43C2k+1 − C2k

43 − 1
(k = 0, 1, · · · , ), Þ������#" �� 

$�% Þ I =
∫ 3

1

1

x
dx ≈ 1.098630.
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& ' ( ) * + , - . / 0 1

§ 1 243
5�6 �#7�8�9 þ�:�;=<�>�?�@ :




y′ = f(x, y)

y(x0) = y0

(1.1)

A�B
f(x, y) C�D�E ÿ�F�G�8�9�H :�;�I�J�K�L�M H�N�O�P
(1) f(x, y)=f(x), Q y′=f(x), R y =

∫
f(x)dx;

(2) f(x, y)=f1(x)f2(y), Q dy

dx
=f1(x)f2(y), R dy

f2(y)
=f1(x)dx⇒

∫
dy

f2(y)
=
∫
f1(x)dx,S�T�U

L > 0, V ∣∣∣f(x, y1) − f(x, y2)
∣∣∣ ≤ L

∣∣∣y1 − y2

∣∣∣, R F�G�W�XZY\[ (1.1)]_^�`�a
.b > a�c : d N�O y = y(x)

U ��e���f�g�h�i
x1 < x2 < · · · < xn < · · ·

F �j�k X
y1, y2, · · · , yn, · · ·l 8�m L=n�o�p�q , Q xn = x0 + nh (n = 1, 2, · · ·), xn+1 = xn + h. (h rs�t

)

§ 2 uwvyxwz
1. {�|�}�~

-

6

O

y

xx0

y0

x1

q

q

y=y(x)

9�H :�; (1.1) � O r����#��� . ������� :

M H#����F�����i ��� ������� f(x, y). � ���W���i
P0(x0, y0) ����E�d N � ����i P1(x1, y1).� N

y1 ��� y1−y0

x1−x0
=f(x0, y0), Q y1=y0+hf(x0, y0);� � i

P1(x1, y1) ����d N�i P2(x2, y2). ��� y2=y1+hf(x1, y1).
����� E

yn+1 = yn + hf(xn, yn) (2.1) r_{�|�}�~ .
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$�%#��� �
P0P1P2 · · ·   � y = y(x) � j�k O�¡

¢
1(P109)

N�O�W�X#Y\[ 



y′ = y − 2x

y
(0 < x < 1);

y(0) = 1.
(2.2)

a £ s�t
h = 0.1 L�¤�¥�¦�§�E©¨ yn+1 = yn + h

(
yn −

2xn

yn

)
= 1.1yn −

0.2xn

yn

.

� � y1 = 1.1y0 −
0.2x0

y0
= 1.1, y2 = 1.1y1 −

0.2x1

y1
= 1.21− 0.22

1.1
.ª�« F E W�XZY\[ (2.2)

] O�¬�O
y(x) =

√
1 + 2x, R y(xn) =

√
1 + 2xn.

yn ­ y(xn) � £ X�® (P109) ¯ 5-1.

{�|�}�~�° `²±�³²´ :
5�6

y(x)
U

xn

i�µ�¶�P
y(xn+h)=y(xn)+hy′(xn)+

h2

2!
y′′(ξ).· � n

s�¸�¹ E�Q y(xn) = yn, y
′(xn) = f(xn, yn) º y(xn+h) = y(xn+1). R

y(xn+1)−yn+1 =
[
y(xn)+hy

′(xn)+
h2

2!
y′′(ξ)

]
−
[
yn+hf(xn, yn)

]
=
h2

2!
y′′(ξ).

2. »�¼�°�{�|�}�~S�½ yn+1−yn

xn+1−xn

=f(xn+1, yn+1), R ] yn+1=yn+hf(xn+1, yn+1). r�»�¼�°�{
|�}�~ .¾ � :

%�¿ ��¤�¥�¦�§ �=À ~Á��E�Â � ¦�§�Ã�Ä�Å ] yn+1.

»�¼�{�|�}�~�° `�±�³�´ :
5�6

y(x)
U

xn+1

i�µ�¶�P
y(xn+1−h)=y(xn+1)−hy′(xn+1)+

h2

2!
y′′(ξ)⇒ yn=y(xn+1)−hf(xn+1, yn+1)+

h2

2!
y′′(ξ).

y(xn+1−h)=y(xn)=yn, y
′(xn+1)=f(xn+1, yn+1)ÆÇ�

y(xn+1)−yn+1 =
[
yn+hf(xn+1, yn+1)−

h2

2!
y′′(ξ)

]
−
[
yn+hf(xn+1, yn+1)

]
=−

h2

2!
y′′(ξ).

3. È�É�}�~Ê²Ë²Ì²Í ¤²¥²¦²§�EÎ¨ÏÈ²É²}²~ : yn+1 = yn+
h

2

[
f(xn, yn)+f(xn+1, yn+1)

]
.¾ � : Ð�Ñ�¦�§�Ò�Ó À ~Á��E�Â � ¦�§�Ã�Ä�Å ] yn+1.

4. Ô�Õ�°�{�|�}�~Ö �×È�É�}�~ØÃ�Ù�Ú�Å ] yn+1, Û�Ü�J�K�L�Ý�Þ�ß ¡�à S L={�|�}~_á�âÁÈ�É�}�~ãÃ�Ä�� yn+1 = yn + hf(xn, yn), Q�¨
yn+1 = yn +

h

2

[
f(xn, yn) + f(xn+h, yn+hf(xn, yn))

]
.
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r_Ô�Õ�°�{�|�}�~ .

¢
2(P112) L²ä²å²�²¤²¥²¦²§ N²O²W²XæY�[





y′ = y − 2x

y
(0 < x < 1);

y(0) = 1.
(2.2)

a £ s�t
h = 0.1, ¨




K1 = f(xn, yn)=yn −
2xn

yn

;

K2 = f(xn+h, yn+hK1)=(yn+hK1)−
2(xn+h)

yn+hK1
;

yn+1 = yn +
h

2
(K1+K2)

5. {�|�ç ± }�~Ö yn+1−yn−1

2h
= f(xn, yn)⇒ yn+1=yn−1+2hf(xn, yn).

r_{�|�ç ±�c , Þ�èÁÈ�É�}�~ãÃ�Ä�E�¨
yn+1 = yn +

h

2

[
f(xn, yn) + f(xn+h, yn−1+2hf(xn, yn))

]
.

§ 3 é4ê - ë4ìyxwz
1. í�î�ï b c5²6

y(x)
U

xn

i²µ²¶²P
y(xn+1)=y(xn)+hy

′(xn)+
h2

2!
y′′(xn)+

h3

3!
y′′′(xn)+· · ·S £²ð

2 ñ²EÎQ²¨ò{²|²}²~ yn+1 = yn+hy′n, ó²ô ³²´ � O(h2). f(xn, yn)S £�ð
p+1 ñ�Eõ¨ yn+1=yn + hy′n +

h2

2!
y′′n + · · ·+ hp

p!
y(p)

n . (3.3) r p
7 í

î�}�~ Ö
y′=f(x, y), ¨ y′′=

∂f

∂x
+ y′

∂f

∂y
=fx(x, y) + f(x, y)fy(x, y).

R y′′n=fx(xn, yn) + f(xn, yn)fy(xn, yn)
4
= f (1)(xn, yn).

����E y′′′n = f (1)
x (xn, yn) + f(xn, yn)f

(1)
y (xn, yn)

4
= f (2)(xn, yn).

y(j)
n = f (j−1)

x (xn, yn) + f(xn, yn)f
(j−1)
y (xn, yn).

¦�§ (3.3) ��ö�÷�ø�ù ��P y(xn+1)− yn+1=
hp+1

(p+ 1)!
yp+1(ξ),

Ó O(hp+1)
7�ú�û�ü�¡�ý�þ r�¦�§ (3.3) ÿ ] p ����� .

y(xn) + hy′(xn) +
h2

2!
y′′(xn) + · · ·+ hp

p!
y(p)(xn) +

hp+1

(p+ 1)!
yp+1(ξ)

yn + hy′n +
h2

2!
y′′n + · · ·+ hp

p!
y(p)

n
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½
p = 2, � £�ð p+1=3 ñ�E�¨ 2

7 í�î�}�~ :

yn+1 = yn+hy
′
n+

h2

2!
y′′n = yn+hf(xn, yn)+

h2

2!

[
fx(xn, yn)+f(xn, yn)fy(xn, yn)

]
.

2. ��� - ����	 c °�

�����½ yn+1−yn

xn+1−xn

=
yn+1−yn

h

4
= K, R yn+1=yn + hK.

(1) � K1 = f(xn, yn), � � ¤�¥�¦�§��
(2) � K2 = f(xn+1, yn+1), � ��� ¿ ¤�¥�¦�§��
(3) � K3 =

1

2
(K1 +K2), � � Ð�Ñ�¦�§ ¡¾

: K2 ��� yn+1 I £ yn + hK1.A�B
y(x) I���E���¨ã|���������>
��� :

y(xn+1)−y(xn)=y
′(ξ)(xn+1−xn)=hy′(xn+ph)=hf(xn+p, yn+p). (0 < p < 1)� � E xn+p

4
= xn+ph ∈ [xn, xn+1],

£
yn+p=yn+phf(xn, yn).

yn+p−yn

xn+p−xn

=
yn+p−yn

ph
=f(xn, yn).

��Ó�E yn+1 = yn+hf(xn+p, yn+p) = yn+hf(xn+ph, yn+phf(xn, yn)).

�




K1 = f(xn, yn);

K2 = f(xn+ph, yn+phK1);

yn+1 = yn+hK2.l 8
K2  
! λ1K1+λ2K2 (λ1+λ2=1), ��L Ì ��i � � � � "�#�$�%'&�(á K2.

ý�þ º�¨




K1 = f(xn, yn);

K2 = f(xn+ph, yn+phK1);

yn+1 = yn+h(λ1K1+λ2K2) (λ1+λ2=1).

(3.5)

L
) ��i � ��� � "
#
$
%*&
( á K, +�Ó,�
� - �
�
	 c �
-
.
/0 ¡
1�2�3

p, λ1, λ2 =?

3. ��� - ����}�~Ö ¦�§ (3.5), K1 = f(xn, yn),

K2=f(xn+ph, yn+phK1)=f(xn, yn)+ph
[
fx(xn, yn)+f(xn, yn)fy(xn, yn)

]
+ · · ·5�6

2
7 í�î�}�~ :

yn+1 = yn+hf(xn, yn)+
h2

2!

[
fx(xn, yn)+f(xn, yn)fy(xn, yn)

]
.
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=yn+hλ1K1+hλ2K1+
h2

2!

[
fx(xn, yn)+f(xn, yn)fy(xn, yn)

]
.

=yn+hλ1K1+hλ2

{
f(xn, yn)+

h

2λ2

[
fx(xn, yn)+f(xn, yn)fy(xn, yn)

]}
.

(1)
£

p=
1

2λ2
, λ1+λ2=1, ¦�§ (3.5) r54������ - ����}�~ .

C�6�E £ p=
1

2
, λ1=0, λ2=1, ¨





K1 = f(xn, yn);

K2 = f(xn+
h

2
, yn+

h

2
K1);

yn+1 = yn+hK2.

(2) å � s E S L 3
��i

xn, xn+p, xn+q � ��� K1, K2, K3 ��7�8 Ê�Ë &
( á K, I�¨*9������ - ����}�~ . : A�£ p=

1

2
, q=1, λ1=λ3=

1

6
, λ2 =

2

3
, ¨





K1 = f(xn, yn);

K2 = f(xn+
h

2
, yn+

h

2
K1);

K3 = f(xn+h, yn−hK1+2hK2);

yn+1 = yn+
h

6
(K1+4K2+K3).

(3) ;������ - ����}�~





K1 = f(xn, yn)

K2 = f(xn+
h

2
, yn+

h

2
K1)

K3 = f(xn+
h

2
, yn+

h

2
K2)

K4 = f(xn+h, yn+hK3)

yn+1 = yn+
h

6
(K1 + 2K2 + 2K3 +K4)

§ 4 <,=4z?>?@BA?CEDGFIHIC
1. J�K�L

��� 2
S 8�9�H :�;
M
N X O ß
OGPRQ � xn = x0+nh, � h → 0

þ E ]
yn → y(xn), R�r�S�:�ß�ÓTJ�K�° .

( � þ n→∞ )

¢ 5�6 {�|�	 c O×<�>�?�@ (4.1) ��U�V�W P



y′ = λy;

y(0) = y0

(4.1)

a Ö {²|X	 c : yn+1 = yn+hf(xn, yn) = yn+hλyn = (1+λh)yn = (1+λh)2yn−1 =

· · ·
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yn = (1+λh)yn−1

�²Ó yn = y0(1+λh)n ⇒ lim
h→0

yn = y0 lim
h→0

(1+λh)n = y0 lim
h→0

[
(1+λh)

1

λh

]λxn

= y0e
λxn .

( Â � xn=x0+nh=nh⇒ n=xn

h
.)Y :�; (4.1) �[Z�\ a Ò�]�Ó y(xn)=y0e

λxn , ^`_�¤�¥�:�ß�O .�a Ó U
V�� ¡

2. b���L
��� 3

S�c�d H�e�f M�N X�O ß U h�i�X yn g ] Û�h�i δ ��j�k�l Y ���m�h�i�X
ym (m > n) g�n�o���p ù Ë ≤ δ, R�r�S e ß�Ó,b���° .

¢ q�rts�u 	�vwO5x�y�z�{ ��| Q W�}



y′ = λy;

y(0) = y0

~ �
εn ������� yn g���j�k���l y∗n � yn ��p�����lR� |yn−y∗n|≤εn.���
y∗n+1 = y∗n + hf(xn, y

∗
n) = (1+hλ)y∗n, ����� ������l�� yn+1−y∗n+1 =

(1+hλ)(yn−y∗n),� � εn+1 ≤ |1 + hλ|εn ≤ |1 + hλ|2εn−1, � εn ≤ |1 + hλ|nε0.�������
|1 + hλ| ≤ 1 (h≤ − 2

λ
, λ<0) ����������� e
� �
|
�
� (  ¢¡�£

b�¤ ).

¥
: ¦�§�¨,©�ª�« s�u
¬
­ : yn+1 = yn+hλyn+1, ®°¯ yn+1 =

1

1−hλyn. ±�²q�r l��
εn≤

∣∣∣∣∣
1

1−hλ

∣∣∣∣∣

n

ε0. ³ � λ<0 ´�µ
∣∣∣∣∣

1

1−hλ

∣∣∣∣∣ ≤ 1, ¶`·�¸�¹ � ����º � ��»�¼�½�|
����¾
¿

5 (P125)(À )

§ 5 Á?ÂÄÃÄÅBÆ
¨�Ç�È�É y0, y1, · · · , yn Ê�Ë�Ì yn+1  EÍ�Î�v .

1. Ï�y�Ð�Ñ�v
�

y′ = f(x, y) Ò�Ó�Ô xn Õ xn+1

� ��Ö�×�ØR�∫ xn+1

xn

y′dx =
∫ xn+1

xn

f(x, y)dx⇒ y(xn+1) = y(xn) +
∫ xn+1

xn

f(x, y(x))dx.
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∫ xn+1

xn

f(x, y(x))dx = hf(ξ, y(ξ)) ≈





hf(xn, yn);

hf(xn+1, yn+1);
h

2

[
f(xn, yn) + f(xn+1, yn+1)

]
.

Ð�Ñ�Ù�y�¤�Ú Ø s
u�Û v Ø ©�ª s�u�Û v ØRÜ�Ý ¬�­ .

2. Þ�ß�à�á ¬�­
¨ k âäãåyåÍåæ ­ Pk (x) Êåçåè f [x, y(x)], ´ � yn+1 = yn+

∫ xn+1

xn

Pk(x)dx.

(1) é xn, xn−1 ê�����ë f(x, y) � 1 â�ì ��í�î�ï
P1(x)=

x− xn−1

xn−xn−1
f(xn, yn) +

x − xn

xn−1−xn

f(xn−1, yn−1)=
x−xn−1

h
fn −

x−xn

h
fn−1.

�
∫ xn+1

xn

P1(x)dx =

[
(x−xn−1)

2

2h

]xn+1

xn

fn−
[
(x−xn)2

2h

]xn+1

xn

fn−1 =
h

2
(3fn−fn−1).

� yn+1 = yn +
h

2
(3fn−fn−1),  Eð�Î�Þ�ß�à�á ¬�­ .

ñ�ò�ó�ô
:
∫ xn+1

xn

f ′′
x [ξ, y(ξ)]

2
(x−xn)(x−xn−1)dx

=
f ′′

x [η, y(η)]

2

∫ xn+1

xn

[
(x−xn)2+(x−xn)(xn−xn−1)

]
dx =

5

12
h3y′′′(η). ( y′′′(η)=f ′′

x [η, y(η)] )

§ 6 õBö?÷ÄøÄù
úÄõGöEûGüEý
1. þ�ÿ Û����

�





y′1 = f1(x, y1, · · · , yN);

y′2 = f2(x, y1, · · · , yN);

· · · · · · · · · · · · · · · · · · · · ·
y′N=fN (x, y1, · · · , yN).

��� ¼�½




y1(x0) = y0
1;

y2(x0) = y0
2;

· · · · · · · · · · · ·
yN(x0) = y0

N .� ¨��	� Ø�
 y = (y1, y2, · · · , yN), y0 = (y0
1, y

0
2, · · · , y0

N), f = (f1, f2, · · · , fN).

�




y′ = f(x,y);

y(x0) = y0.��
�¬�­
: yn+1 = yn+hf(xn,yn), ��� yn = (y

(n)
1 , · · · , y(n)

N ).

¿ � ®



y′ = f(x, y, z), y(x0) = y0;

z′ = g(x, y, z), z(x0) = z0.

~
(1) ¨ ��
�Û��



y1 = y0+hf(x0, y0, z0);

z1 = z0+hg(x0, y0, z0).
· · ·




yn+1 = yn+hf(xn, yn, zn);

zn+1 = zn+hg(xn, yn, zn).
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(2) ¨Eð�ÿ���� - ��� Û�� (R-K)




K1 = f(xn, yn);

K2 = f(xn +
h

2
, yn+

h

2
K1);

yn+1 = yn+hK2.

� �





K1 = f(xn, yn, zn); L1 = g(xn, yn, zn);

K2 = f(xn+
h

2
, yn+

h

2
K1, zn+

h

2
L1);

L2 = g(xn+
h

2
, yn+

h

2
K1, zn+

h

2
L1);

yn+1 = yn+hK2; zn+1 = zn+hL2.

2. ����ÿ Û���� þ
ÿ Û�����������	��� × º� 



y(m) = f(x, y, y′, · · · , y(m−1));

y(x0) = y0, y
′(x0) = y′0, · · · , y(m−1)(x0) = y

(m−1)
0 .!�"�# � } y1 = y, y2 = y′, · · · , ym = y(m−1). ( m $ # � )

� ²&% �'� º( ��()(* ê º( (+ }





y′1 = y2;

y′2 = y3;

· · · · · · · · ·
��� ¼�½

y′m−1 = ym;

y′m = f(x, y1, · · · , ym).





y1(x0) = y0;

y2(x0) = y′0;

· · · · · · · · · · · ·
ym−1(x0) = y

(m−2)
0

ym(x0) = y
(m−1)
0 .

¿ � ®



y′′ = f(x, y, y′);

y(x0) = y0, y
′(x0) = y′0.

~ , * ê º� �+



y′ = z;

z′ = f(x, y, z).

��� ¼�½



z(x0) = y′0;

y(x0) = y0.

¨�����- ï�}



yn+1 = yn + hzn;

zn+1 = zn+hf(xn, yn, zn).
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. / 0 1 2 3 4

§ 1 576?Æ8
f(x) ∈ C[a, b], 9�: f(a)f(b) ≤ 0, � º� f(x) = 0 ;�<�= [a, b] >	?�@

µ�Ç�$�A�B ØDC   [a, b] êFE�G�H�I .J
f(a) � f(b) K�L

1. M�Î�N�O �
é�P�Q ê h =

b−a
n
ë�R�S�T�U xk = a+kh (k = 0, 1, · · · , n). V�$�W�X

f(xk) ��Y L Ø Ç�Z�[ Ç
âB¯]\ f(xk) ^ f(a) K�L�_ Ø]` [xk−1, xk] ê µ�B<�= Ø]a � )�é è�b B ê x∗ =
xk−1+xk

2
.c�d

f(xk−1) e�^ f(a) ±	L Ø���
f(xk) ^ f(xk−1) K�L ¾

¿
1(P143) ¨�V�P�f�g � � º� f(x) = x3 − x− 1 = 0 � B ¾h i

f(0) = −1 < 0, f(2) = 5 > 0, ` f(x) ;�<= (0, 2) >	?�@�µ�Ç�$�A�B ¾��j Ô x = 0 ¯	k Ø é�P�Q h = 0.5 �	lf�g�º� � B ( mon 6-1), )�p�<�= (1, 1.5) >�µ�Ç�$�A�B x∗ ≈ 1.25.

n 6-1

x 0 0.5 1.0 1.5

f(x) ��Y L − − − +

2. ð�Ñ �q
[a0, b0] = [a, b], é���� U x0 =

a0+b0
2

, 9�r�<�=	s R�×
¾ 8 f(x0) 6= 0,

` f(x0) ^ f(a0) t f(b0) u�Ç�K�L Ø Ô�v�w�x�y � µ�Bz<�= [a1, b1]=[a0, x0]{
[x0, b0];|

f(x0) ^ f(a0) K�L | f(x0) ^ f(b0) K�L} é���� U x1 =
a1+b1

2
.
8

f(x1) 6= 0, ~ � y � µ�B�<�= [a2, b2]; · · · · · ·��� ²�� � P�� Ø ¦�§���$ f(xk) 6= 0 (k = 0, 1, 2, · · · , ), ´ ��Õ <�=��
[a0, b0]⊃[a1, b1]⊃ · · · ⊃[ak, bk]⊃ · · ·, ��� bk−ak =

b−a
2k
→ 0 (k →∞).
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i µ�� ����� lim
k→∞

ak = lim
k→∞

bk = lim
k→∞

xk = x∗, ` x∗
J j º� � B ¾

ð�Ñ � «�� ����� :

(1) ��� : A = f(a), B = f(b), C = f(
a+b

2
);

(2) � ò : if C = 0 or b−a < δ then � (3). B �������
else if C · A > 0 then a =

a+b

2
, � (1).

else b =
a+b

2
, � (1).

(3) X =
a+b

2
, end.

¿
2 (P144) ¨�s × � � º� 

f(x)=x3−x−1=0 ;�<�= [1, 1.5]> � B ( ��� 2 ����� ).h i n 6-2(P145), ³ � s ×
6 â Ø]` |x∗−x6| ≤

0.5

26
≤ 0.005,

��è�b B x∗ ≈ 1.3242.

n 6-2

k ak bk xk f(xk) · f(ak) Y L
0 1.0 1.5 1.25 +

1 1.25 1.5 1.375 −
2 1.25 1.375 1.3125 +

3 1.3125 1.375 1.3438 −
4 1.3125 1.3438 1.3281 −
5 1.3125 1.3281 1.3203 +

6 1.3203 1.3281 1.3242 ≈ 0

§ 2 ���ÄÆ
1. ��� ¬�­��������� 
r�º� f(x) = 0

# x�¡ x = ϕ(x) (2.1)

é�¢�£�¤ x0 ¥ " (2.1) l�¦ Ø 9 q x1 = ϕ(x0).§�¨
x1 = x0, ` x0 © j B Ø]ª�`�«�¬�¥ - ï
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xk+1 = ϕ(xk) (xk+1 6= xk, k = 0, 1, 2, · · ·).8 ��É {xk} µ�­ ��Ø J lim
k→∞

xk = x∗, `
lim
k→∞

xk+1 = lim
k→∞

ϕ(xk)⇒ x∗ = ϕ(x∗),
J

x∗
j B ¾

®�¯�°�±
: x∗ ;�²	³




y = x;

y = ϕ(x). ´�µ U�¶�·

-

6

O

y

x

x∗ x0

q

y=ϕ(x)y=x

�
�

�
�

�
�

�
�

��

¸
3(P146) ¹ ¬�¥�º�»�¼�½ f(x) = x3 − x− 1 = 0 ; x0 = 1.5 ¾	¿ ´ B ·h À r f(x)=x3−x−1=0 Á�Â�¡ x= 3

√
x+1 , ϕ(x)= 3

√
x+1 . Ã x0=1.5, «�¬�¥�ÄÅ ¡ xk+1 = 3

√
xk+1 (k = 0, 1, 2, · · ·). ¬�¥�Æ ¨ m n 6-3(P146).

i�Ç
x8 = x7,È�É

x∗ ≈ x7 = 1.32472 Ê�¿ b B ·8(Ë ¼(½ Á(Â(Ê(¡ x = x3−1,
J

xk+1=x
3
k−1.
|

x0=1.5 _(Ì x1=2.375, x2=12.39,Í _ ¬�¥�º�a�ÎÐÏ ��� . Ñ�Ò ∣∣∣ϕ′(x)
∣∣∣ = 3x2 > 1 (

|
x > 1 _ ).Ó�Ô�Õ Ì]� Ç ����Ö�× ´�Ø�Ù�Ú ÌDÛ

§�Ü�Ý�Þ�ß
à�á

2 â ϕ(x) ã�ä ß (1) a ≤ ϕ(x) ≤ b; (2) å�æ 0 < L < 1, ç ∣∣∣ϕ′(x)
∣∣∣ ≤ L,è ¼(½ x = ϕ(x) Û ¬(¥(é x∗. ê(ë(Û(ì(í(î(ï Ä Å ∣∣∣x∗−xk

∣∣∣ ≤ 1

1−L
∣∣∣xk+1−xk

∣∣∣.

ð'ñóò&ô
: õ |q|<1 ö&Ì qk+qk+1+qk+2+ · · ·+qk+n=qk(1+q+q2+ · · ·+qn)=qk

1−qn+1

1−q ≤ qk

1−q .÷�ø ù�ú�û Ì]ü�ý�Ò�þ�ÿ�� p, lim
k→∞

∣∣∣xk+p − xk

∣∣∣ = 0 (⇔ lim
k→∞

xk Û���� ).
Ó

Ô�Õ Ì
∣∣∣xk+1−xk

∣∣∣=
∣∣∣ϕ(xk)−ϕ(xk−1)

∣∣∣=
∣∣∣ϕ ′(ξ)

∣∣∣
∣∣∣xk−xk−1

∣∣∣≤L
∣∣∣xk−xk−1

∣∣∣≤L2
∣∣∣xk−1−xk−2

∣∣∣≤· · ·≤Lk
∣∣∣x1−x0

∣∣∣.� ∣∣∣xk+p−xk

∣∣∣≤
∣∣∣xk+p−xk+p−1

∣∣∣+· · ·+
∣∣∣xk+1−xk

∣∣∣≤(Lk+p−1+· · ·+Lk)
∣∣∣x1−x0

∣∣∣≤ Lk

1−L
∣∣∣x1−x0

∣∣∣→
0.

( õ k →∞).��� Ì ∣∣∣xk+p−xk

∣∣∣≤(Lp−1+· · ·+L+1)
∣∣∣xk+1−xk

∣∣∣≤ 1

1−L
∣∣∣xk+1−xk

∣∣∣. 	 ∣∣∣x∗−xk

∣∣∣≤ 1

1−L
∣∣∣xk+1−xk

∣∣∣.
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2. 
���
������� Î�����Ä Å xk+1 = ϕ(xk) ´�Ø�Ù
� ½�������� Ì � ϕ(x) ´

�����
� �� �· Ê�!�" º�#�$�����Ä Å Ì�%�& ����' � · " x∗=ϕ(x∗) ( Ë ¼�½
´
) Ì è

xk+1−x∗=ϕ(xk)−ϕ(x∗)=ϕ ′(ξ)(xk−x∗) ≈ L(xk−x∗),
)+*

x∗ ≈ 1

1−L(xk+1−Lxk).Ç (�,-������
�� ò�ô : xk+1=
1

1−L
[
ϕ(xk)−Lxk

]
.

¸
4(P148) ¹.
�� ò�ô »�¼�½ x = e−x æ x0 = 0.5 ¾	¿ ´�/

0 é�·1 2�3+4 ����Ä Å ß x0 = 0.5, xk+1 = e−xk . ����Æ�5�6�7 6-4.¸
5(P149) ¹.������
�� ò�ô »�¼�½ x = e−x æ x0 = 0.5 ¾	¿�8 /

0 é�·1 À�9 �
L ≥ ϕ′(x) = e−x, , L = 0.6.

4 #�$ 8 ����Ä Å ß
x0 = 0.5, xk+1 =

0.6

0.4
(e−xk−xk) =

3

2
(e−xk−xk), ����Æ�5�6�7 6-5.:�; ������
�� ò�ô Ø�Ù

< í�=�=�>�? ·
§ 3 @BADC

1. E�F ò�ô
Û�ö ¼�½ f(x)=0 G�H�Á�I Ø�Ù 8 ����¼�½ x=ϕ(x), J�K�L »�M 8 �

��Ä Å�N
" x = ϕ(x) ( Ë ¼�½ f(x) = 0 Ø�Ù 8 ����¼�½ Ì�	 ���

È ,�8���OÛ���� ß
lim
k→∞

xk = x∗,
�

x∗ ( é ÌP	 f(x∗) = 0.

Ã Ý xk, Q�R f(x) æ xk S�T ÌP	
f(x) ≈ f(xk)+f

′(xk)(x−xk), ��U x∗,

, 0=f(x∗) ≈ f(xk)+f
′(xk)(x

∗−xk).

â f ′(xk) 6= 0,
è

x∗ ≈ xk −
f(xk)

f ′(xk)
,

Ç (�ÌPV xk+1=xk−
f(xk)

f ′(xk)
, WXE�F ò�ô ,Í�Y ����Z�[ W\E�F�
 .

2. E�F�
�]�^�_�`
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4 E�F ò&ô H�, f(xk)

xk−xk+1

=f ′(xk). 	 xk+1 (badc y=f(x) æ�e (
xk, f(xk)

)

f�g c�h x i�8�j�e N xk+2

-

6

O

y

x

y=f(x)

x∗
q

3. E�F�
�k�l�mn Ç E�F ò�ô 8 Ø�Ù�Ú ÌDÛ�o
Ü�Ý�Þ�ß

à�á â f(x) ∈ C2[a, b], ë�ã�ä ß
(1) f(a)f(b) < 0 (Û é );

(2) f ′(x) 6= 0 (f(x) p�q�Ì�rs!�Û�t / é );

(3) f ′′(x) 6= 0 (f(x) 8+u�v Ú G�Á�w
(4) x�y x0 ∈ [a, b], ã�ä f ′′(x0)f(x0) > 0,è�z�{ Ä Å Ø�Ù

N
|

7 (P152) } z�{ Z ) ¼�½ f(x) = xex − 1 = 0 ( ~������ ß x = e−x).1 Í ö z�{���� Ê xk+1 = xk −
xk−e−xk

1+xk

.� x�y x0=0.5 $������ Ì ����� 5�6\� 6-7, Ø�Ù
< í���� N

� 6-7

k xk

0 0.50000

1 0.57102

2 0.56716

3 0.56714


���
���k�l����à ` 2 " ��� � � xk+1 = ϕ(xk) Ø(Ù
� ��� x = ϕ(x) 8 é x∗, � ek = xk−x∗,W�
������ . â�å�æ Ô � p > 0, ç lim
k→∞

ek+1

ek
p

= C (C 6= 0),
è W�� ��� � �

xk+1=ϕ(xk) ( p ��k�l�8 N
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�����




p = 1, W.��m�k�l ;

p > 1, W.����m�k�l ;

p = 2, W.��Ö�k�l .:�;
lim
k→∞

ek = 0

à�á z�{ ����Z (���� Ø�Ù 8
N

÷&ø Q�R f(x) æ�e xk 8�������  ô (1 ¡ ): f(x)=f(xk)+f
′(xk)(x−xk)+

f ′′(ξ)

2!
(x−xk)

2.

� x=x∗, , 0 = f(xk)+f
′(xk)(x

∗−xk)+
f ′′(ξ)

2!
(x∗−xk)

2. ¢�£�¤ f ′(xk), ê�¥¦�§ ,
x∗ = xk−

f(xk)

f ′(xk)
− f ′′(ξ)

2f ′(xk)
(x∗−xk)

2 = xk+1−
f ′′(ξ)

2f ′(xk)
(x∗−xk)

2.

	 f ′′(ξ)

2f ′(xk)
(xk−x∗)2 = xk+1−x∗, ¢�£�¤ (xk−x∗)2,

è
lim
k→∞

xk+1−x∗
(xk−x∗)2

=
f ′′(x∗)

2f ′(x∗)
.

4. E�F�
���¨�©| ª } z�{ Z ��� √C .1 r x∗ =
√
C (���� f(x) = x2−C 8 é § J 4 z�{���� § ,���O

xk+1 = xk−
f(xk)

f ′(xk)
= xk−

xk
2−C
2xk

=
1

2

(
xk+

C

xk

)
,
è

lim
k→∞

xk =
√
C .

õ C = 2 ö § xk+1 =
xk

2
+

1

xk

→
√

2 (k →∞).

|
8 (P153) « √115.

1 4
C = 115, , ��� ��� xk+1 =

1

2

(
xk+

115

xk

)
.� x�y x0 = 10 $������ § ����� 5�6¬� 6-8.� ( √115 ≈ 10.723805.

� 6-8

k xk

0 10.000000

1 10.750000

2 10.723837

3 10.723805

4 10.723805
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§ 4 ­�®BC¯s° E�F ò�ô : xk+1=xk−
f(xk)

f ′(xk)
.

o 5 G °�± f ′(xk), ² f ′(xk) 8 ����³�´ § è � }µasc y = f(x) ¶�¢�e
8�·�c�¸�¹ ��º f ′(xk), 	 f ′(xk) ≈

f(xk)− f(xk−1)

xk − xk−1
.

, xk+1 = xk −
f(xk)(xk−xk−1)

f(xk)−f(xk−1)
, WX»�¼�
 .

½
: ¾�¿ Z (�¢�À Z § K�«�Á�Â * é x∗ 8�¢ 0 9 � y x0, x1.|
9 (P156) }�¾�¿ Z ) ��� f(x) = xex − 1 = 0.

1 Ã ö�¾�¿ Z 8 ����Ä xk+1 = xk −
(xke

xk−1)(xk−xk−1)

xkexk−xk−1exk−1

.� x�y x0=0.5, x1=0.6 ��U § ����� 5�6�� 6-9, Å�Æ < í�Ç�È�õ�� N
� 6-9

k xk

0 0.50000

1 0.60000

2 0.56532

3 0.56709

4 0.56714

à�á »�¼�
-( 1.618 Å�Æ�8 N
É�ÊDËDÌ

(P163)

1. }.Í�Î�
-«����
f(x) = x2 − x− 1 = 0 8
þ é § K�«�Ï�Ð δ<0.05.1 4

f(1)=−1, f(2)=2,

J ù K�Ñ�Ò 5 ' § è
|x∗−x5|≤

1

25
≤0.05.

����� 5�6 ¶ 7 N
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k ak bk xk f(xk) · f(ak) Ó�Ô
0 1.0 2.0 1.5 +

1 1.5 2.0 1.75 −
2 1.5 1.75 1.625 −
3 1.5 1.625 1.5625 +

4 1.5625 1.625 1.59375 +

5 1.59375 1.625 1.60938 ≈ 0

� (�,�Õ�Ö é x∗ ≈ 1.60938.

3.
Ä «���� x3−x2−1 = 0 æ x0=1.5 ×ØÕ�8 /

0 é §�Ù�Ú o Ü ��� ��� 8Å�Æ�Û N
1) Á�¥ ¦�§ ¢�£�¤ x2 ⇒ x = 1+

1

x2
, ��� ��� xk+1 = 1+

1

x2
k

;

2)
ù ¥ ¦ ⇒ x3 = 1+x2, ��� ��� xk+1 = 3

√
1+x2

k ;

3)
ù ¥ ¦ ⇒ x2(x− 1) = 1, x2 =

1

x−1
, ��� ��� xk+1 =

1√
xk−1

.

1
1)
4

ϕ1(x) = 1+
1

x2
, x ≈ 1.5,

è ∣∣∣ϕ′
1(x)

∣∣∣ =
∣∣∣∣∣−

2

x3

∣∣∣∣∣ < 1, Ü ��� ��� Å�Æ N

2)
4

ϕ2(x) = 3
√

1+x2 , x ≈ 1.5,
è ∣∣∣ϕ′

2(x)
∣∣∣ =

∣∣∣∣∣
2x

3
(1+x2)−

2

3

∣∣∣∣∣ < 1, Ü ��� �� Å�Æ N
3)
4

ϕ3(x) =
1√
x−1

, x ≈ 1.5,
è ∣∣∣ϕ′

3(x)
∣∣∣ =

∣∣∣∣∣ −
1

2
(x−1)−

3

2

∣∣∣∣∣ > 1, Ü ��� ���Ý�Þ�N
} ��� ��� xk+1 = 3

√
1+x2

k , , x0=1.5, x1=1.481248, x2=1.4727057, x3=1.4688173,

x4=1.4670480, x5=1.466243, x6=1.4658768, x7=1.4657102, x8=1.4656344, x9=1.465600,4
|x9−x8| ≤

1

2
× 10−4,

� �
x∗ ≈ x9.

5. " f(x) ã ä 0 < m ≤ f ′(x) ≤ M,
ûàß õ 0 < λ <

2

M
ö § �á� �á�

xk+1 = xk − λf(xk) Å�Æ � f(x) = 0 8 é N÷&ø Ã ö ϕ(x)=x−λf(x),
ù&ú&û ∣∣∣ϕ′(x)

∣∣∣=
∣∣∣1−λf ′(x)

∣∣∣≤L<1. â�ã�¶ §ä4 0<m≤f ′(x)≤M
⇒ 0 < λm ≤ λf ′(x) ≤ λM ⇒ 1 > 1−λm ≥ 1−λf ′(x) ≥ 1−λM = −(λM−1) >

−1.� ( § � � L = max{1−λm, λM−1} < 1,
Ã ö ∣∣∣1−λf ′(x)

∣∣∣ ≤ L < 1.
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å ß ��� ��� xk+1 = xk−λf(xk) Å�Æ � x∗, 	 x∗ = x∗ − λf(x∗)⇒ f(x∗) = 0.

6.
¯P°�æ � x = ϕ(x) æ�ç�è [a, b] é ù�ê / é

§ � ë õ a < x < b ö §∣∣∣ϕ′(x)
∣∣∣ ≥ k > 1, o�ë�ì x = ϕ(x) í Ä Å�Æ�8 ��� ���Dî

1 ï�ð�ñ�ò ∣∣∣ϕ′(x)
∣∣∣ ≥ k > 1

� í Ä
∣∣∣∣∣

1

ϕ′(x)

∣∣∣∣∣ ≤
1

k
< 1,

� ( � ì x = ϕ(x) í Ä x = ϕ−1(x),
Ã ö ∣∣∣[ϕ−1(x)]′x

∣∣∣ =

∣∣∣∣∣
1

ϕ′(x)

∣∣∣∣∣ ≤
1

k
< 1,
è �

� ��� x = ϕ−1(x) Å�Æ N

9. ó�ô�« √a 8 z�{���� xk+1=
1

2

(
xk+

a

xk

)
, x0>0,

ûµß ü�ý ð k≥1, xk≥
√
a,

ë���O {xk} (�õ�%�8 § rØ!�(�Å�Æ�8 N÷(ø 4 G�~ � a+b

2
≥
√
ab (a, b>0), , xk+1 =

1

2

(
xk+

a

xk

)
≥ √a (k = 0, 1, 2, · · ·),

ö�÷
k ≥ 1 ø § xk ≥

√
a, ù�, xk+1 =

1

2

(
xk+

a

xk

)
≤ 1

2

(
xk+

x2
k

xk

)
= xk.
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ú û ü ý þ ÿ � � � � � � � �

§ 1 �	�

n 
���
��������





a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
an1x1 + an2x2 + · · ·+ annxn = bn

, ��������� Ax = b.

���
A=




a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann



, b=




b1

b2
...

bn



, x=




x1

x2

...

xn



.

������ 
|A| 6= 0, !�"�#����%$'&%(%)'� x = A−1b. *����,+�-����

.0/�1�2�3�4
: xj =

Dj

|A| ,
���

Dj =

j∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 · · · b1 · · · a1n

a21 · · · b2 · · · a2n

...
. . .

...
. . .

...

an1 · · · bn · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣

, j = 1, · · · , n.

5�6�7 3�8%9%:
:

1. ;�<�=�> ( ?�@�A�B�C%=%DFE%G'H0IKJ%L%�	� )

2. M�N�=�O ( E�G�P�Q�R�S'�0� )

§ 2 T'UWV	XWY
1. Z�[�\�] 3 ������^%_%`'�0�a�'� Ax = b, b�c�d�e (A | b).

f
A Ahg'i'j'd'e , k A =




a11 a12 · · · a1n

0 a22 · · · a2n

...
...

. . .
...

0 0 · · · ann



,
�	�

ajj 6= 0, j =

1, 2, · · · , n.
l�m ������n�o�pqN�=�r�)��





xn = bn/ann,

xk = (bk−
n∑

j=k+1
akjxj)/akk (k = n−1, n−2, · · ·, 2, 1).

f
A s�"�t�u��0�aDF!%n'ovd�e�w�x�y%z'{%|v} (A | b) `�~���� .
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��������� �




(1) ri ↔ rj; � � i � j � �
(2) ri + krj; � j

���
k ����� i

�
(3) ri × k (k 6=0) � i

���
k.

��� ���������%�'�%� �'�%�'�%)%O
k f (A | b)

4
= (A(1) | b(1)) −→ (A(2) | b(2)), !�����G���������� ��� ( ��) ).

�
1 (P166) o�B�C�=�)%�%�'�





x1 + x2 + x3 = 6; (1)

4x2 − x3 = 5; (2)

2x1−2x2 + x3 = 1. (3)

7 ���������%�
(3)− 2× (1) + (2), �





x1 + x2 + x3 = 6; (1)

4x2 − x3 = 5; (2)

− 2x3 = −6. (4)

p�N�DK� x3 = 3, x2 = (5+x3)/4 = 2, x1 = 6−(x2+x2) = 1.

�%� "%DK�%� �	� (A | b)=




1 1 1 6

0 4 −1 5

2 −2 1 1


 →




1 1 1 6

0 4 −1 5

0 0 −2 −6


=(A(2) |

b(2)).

(�¡�)�=��a¢ A(1) = A (a
(1)
ij = aij), b

(1) = b (b
(1)
i = bi). £ k−1 ¤�B�
�¥

(A(1) | b(1)) −→ (A(k) | b(k)).

���
A(k) =




a
(1)
11 a

(1)
12 · · · a

(1)
1k · · · a

(1)
1n

a
(2)
22 · · · a

(2)
2k · · · a

(2)
2n

. . .
...

. . .
...

a
(k)
kk · · · a

(k)
kn

...
. . .

...

a
(k)
nk · · · a(k)

nn




.





a
(2)
ij =a

(1)
ij −

a
(1)
i1

a
(1)
11

a
(1)
1j

b
(2)
i =b

(1)
i −

a
(1)
i1

a
(1)
11

b
(1)
i

(i, j = 2, 3, · · · , n), · · ·





a
(k)
ij =a

(k−1)
ij − a

(k−1)
i,k−1

a
(k−1)
k−1,k−1

a
(k−1)
k−1,j

b
(k)
i =b

(k−1)
i − a

(k−1)
i1

a
(k−1)
k−1,k−1

b
(k−1)
i

(i, j =

k, · · · , n).¦ ¥������%§%�'�0�K)%�%t'u%�'�%�%�'� A(n)x = b(n),

��� D A(n) =




a
(1)
11 a

(1)
12 · · · a

(1)
1n

0 a
(2)
22 · · · a

(2)
2n

...
...

. . .
...

0 0 · · · a(n)
nn



, b(n) =




b
(1)
1

b
(2)
2

...

b(n)
n



.
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p�N�¨����




xn = b(n)
n /a(n)

nn ,

xk = (b
(k)
k −

n∑
j=k+1

a
(k)
kj xj)/a

(k)
kk ,

(k = n−1, n−2, · · · , 2, 1).

©
: a

(1)
11 , a

(2)
22 , · · · , a(n)

nn ª¬«�­�® .
.�¯�°�±�� �'@%²%³%´ ( µ�- ), ¶�· ��¸�¹º�» ¼

2. d�e�w�i�j%½ 7
½'¾v('¿'�	�KÀ'oÁx'y'z'{'| }'`'"'t'u'�'�'¨'�'D'ÂFÃ �'( ¤

B�
��

A(1)=




a
(1)
11 a

(1)
12 · · · a

(1)
1n

a
(1)
21 a

(1)
22 · · · a

(1)
2n

...
...

. . .
...

a
(1)
n1 a

(1)
n2 · · · a(1)

nn



→ A(2)=




a
(1)
11 a

(1)
12 · · · a

(1)
1n

0 a
(2)
22 · · · a

(2)
2n

...
...

. . .
...

0 a
(2)
n2 · · · a(2)

nn



,

���
a

(2)
ij =a

(1)
ij −

a
(1)
i1

a
(1)
11

a
(1)
1j .

(i = 2, 3, · · · , n)

(j = 1, 2, · · · , n)

.

Ä
mi1=a

(1)
i1 /a

(1)
11 (i=2, 3, · · ·, n), ! A(1) £�¨�Å n−1 ¤ ����� “ri−mi1r1” }�`

A(2).

Ã�Æ l n−1 ¤ ����� G�Ç�È�� In É � DÊ! In → L1=




1 0 · · · 0

−m21 1 · · · 0
...

...
. . .

...

−mn1 0 · · · 1



.

l�Ë�Ì
A(2)=L1A

(1). ��Í A(3) = L2A
(2)=L2L1A

(1), · · · ,A(n) = Ln−1 · · ·L2L1A
(1).

¢ L−1 = Ln−1 · · ·L2L1 Î `�Ï�t�u��aD U = A(n) `�"�t�uÐ��D ¯ A A = LU.

ª d�e�w�i�j%½ 7 .

§ 3 T'UÒÑÒÓWÔÒV	X¬Y
1. Õ�Ö «�­�® \%] 3× ?�
�Ø a

(k)
kk ≈ 0

m D f o � � µ%- ( ³�´ ), !¬Ù�Ú�Û�ÜÞÝ�ß�à�D�áâ�±�ã Æ � n%ä'O ( å P171 æ 3)

`�ç × � k è�B�
 m Dé��À



a
(k)
kk · · · a

(k)
kn

...
. . .

...

a
(k)
nk · · · a(k)

nn



��ê ¹�ë G�ì ¦ P�í �

¨ ��î����%ï%ð'� a
(k)
kk , ñ�¥�ò�B�
%D ª Õ�Ö «�­�® \%] 3 .

ó 3�ô�õ
:

(1) ö�÷�-�� Iz(n), ø�ù�¢�ú�û%ü'
%�%Ï'ý%O
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��þ }�� Iz(i)← i (i = 1, 2, · · · , n); (ÿ�� )

(2)
Ä

k = 1. ( ÿ�� � ì )

(3)
ê ?�
�Ø |aik,jk

| = max
k≤i,j≤n,

|aij| ( ����ÿ�� )

(4)
f

aik ,jk
= 0, ! ã�� (

l�m
|A| = 0)

(5)
f

ik 6= k, ��@ ��� DF! akj ↔ aik ,j (j = k, · · · , n), bk ↔ bik ;f
jk 6= k, ��@ ��î Dé! aik ↔ ai,jk

(i = 1, 2, · · · , n), ��� Iz(k)↔ Iz(jk);.�¯	��� ­�
�� ��@ � DF¶0·�
%@%¢'Ï%û'ö%
%�'Ï%ý'O
(6)
â�± � -�� aik ← aik/akk (i = k+1, · · · , n);

(7) B�
�� aij ← aij−aik ∗ akj (j = k+1, · · · , n);

bi ← bi−aik ∗ bk.
(i = k + 1, · · · , n);

(8) k ← k+1,
f

k < n, � (3);

(9) p�N�� bn ← bn/ann, bi ← (bi−
n∑

j=i+1
aijbj)/aii (i = n−1, n−2 · · · , 2, 1).

(10) ����û�ö�
�¤���� a1,Iz (i) ← bi (i = 1, 2, · · · , n), bi ← a1i (i = 1, 2, · · · , n).

Z�[ - ����� «�­%®�� 3����
² �������%� � (A | E)→ (E | B), ! B = A−1.

�
4 (P177)

â�±�ã Æ�n%;%<��'À%§'�0� A ¶�À���Ç�
 � O
ó 3�ô�õ

:

o�-�� Ip(n) ¢�ú�? � D�� |A| ��À �� Det
� O

(1) Det← 1; k = 1, 2, · · · , n (ÿ�� )

(2) r�� k
î ?�
 (

¦ P�
 ): |aikk| = max
k≤i≤n

|aik|; c0 ← aik,k, Ip(k)← ik.

(3)
f

c0 = 0, ! Det← 0, !�"�O
(4)
f

ik 6= k, � ��� � akj ↔ aik,j (j=1, 2 · · · .n), Det = −Det.

(5) Det = Det · c0.
(6)
â�± � h← akk, akk ← akk ←

1

c0
, aki ← aki · h. aik ← mik = −aik · h (i =

1, 2 · · · , n, # i 6= k).

(7) B�
�� aij ← aij+mikakj (i, j = 1, 2 · · · , n, # i 6= k, i 6= k)

(8)
¦ ¥�� ��î � (k = n− 1, n− 2 · · · , 2, 1)

t = Ip(k).
f

t 6= k, ! ��î � aik ↔ ait (i = 1, 2, · · · , n).

§ 4 T'UWV	XWY%$%&('
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1. )�*�i�j�½ 7 3+�, �����%+%-'�0� A �¬i�j�½ 7 , k A = LU,
���

L A�G�u���`
1 �%Ï%t%u0�KD U A%"%t%u0�KO ¯ A . Ax = b⇒ (LU)x = b, ¢ Ux = y,

!
Ax = b⇔





Ly = b

Ux = y
( -�A�t�u��%� )

½ 7�ó 3 :

 
A =




a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann




= LU =




1 · · · · · · 0

l21 1 · · · 0
...

...
. . .

...

ln1 ln2 · · · 1







u11 u12 · · · u1n

0 u22 · · · u2n

...
...

. . .
...

0 0 · · · unn



.

���
aij =

n∑
k=1

likukj, � lii = 1, lij = 0 (i < j); uij = 0 (i > j).

.�/ ���




a1j=
n∑

k=1
l1kukj=l11u1j=u1j

ai1=
n∑

k=1
likuk1=li1u11=li1a11





arj=
n∑

k=1
lrkukj=

r∑
k=1

lrkukj=
r−1∑
k=1

lrkukj+urj; (j≥r)

air=
n∑

k=1
likukr=

r∑
k=1

likukr=
r−1∑
k=1

likukr+lirurr. (i>r)

(j=1, 2, · · · , n; i=2, · · · , n) (j=r, r+1, · · · , n; i=r+1, · · · , n)
×

r<k, lrk=0;
×

k>r, urk=0.. "���DK�10�2 ó 3 Ã�Ï��
(1) 3�r U ����( � D L ����( î �




u1j = a1j (j = 1, 2, · · · , n)

li1 = ai1/a11 (i = 2, · · · , n)

(2) ñ�¥�4 � r urj , 4 î r lir (r=2, 3, · · · , n)





urj=arj−
r−1∑
k=1

lrkukj; (j≥r)

lir=(air−
r−1∑
k=1

likukr)/urr. (i>r)5 o�D × i<r
m D uij 6 ü�>�� × j<r

m D lij 6 ü�O
(3)
¦ ¥ . p�N%=�7'¤%r')%t%u'�%� Ly = b 8 Ux = y.



1 · · · · · · 0

l21 1 · · · 0
...

...
. . .

...

ln1 ln2 · · · 1







y1

y2

...

yn




=




b1

b2
...

bn



,




u11 u12 · · · u1n

0 u22 · · · u2n

...
...

. . .
...

0 0 · · · unn







x1

x2

...

xn




=




y1

y2

...

yn



.





y1 = b1;

yi = bi−
i−1∑
k=1

likyk (i = 2, 3, · · · , n).





xn = yn/unn;

xi = (yi−
n∑

k=i+1
uikxk)/uii (i=n−1, n−2, · · · , 2, 1).
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©
: À â%±�9�: � m D .K¯'â ± urj ¥%D arj (r≤j)

� ò%o%DK! urj n��%À
arj ¶�À�Ç�
�>;� â'± lir ¥�D air (i>r) 
 � ò�o�DK! lir 
 n���À air ¶�À
��Ç�
 � >
�qÍ�D â�± yi ¥�D bi � ò�o�D ! yi nÐ·<��À bi ¶�À�Ç�
 (i = 1, 2, · · · , n);= ¥�D xi ò���� yi 
�> A�§ ï bi ¶�À�Ç�
 � O

� ×
n = 4

m �



a11 a12 a13 a14 | b1

a21 a22 a23 a24 | b2

a31 a32 a33 a34 | b3

a41 a42 a43 a44 | b4



⇒




u11 u12 u13 u14 | y1

l21 u22 u23 u24 | y2

l31 l32 u33 u34 | y3

l41 l42 l43 u44 | y4



⇒




x1

x2

x3

x4



.

2. ? ��@ 3f
A A%G ª�A ö%�0�aD Î $ A=LU. o �%�%î%�%��B "%t%u0� U }

`�G�u���DFk

U=DU0=




u11 0 · · · 0

0 u22 · · · 0
...

...
. . .

...

0 0 · · · unn







1 u′12 · · · u′1n

0 1 · · · u′2n

...
...

. . .
...

0 0 · · · 1



.

l�m
A = LDU0,A

T = UT
0 (DLT )

= A = LU,
. ³�)�&�('
%DF�

UT
0 = L, k A = LDLT ,

���
L

`�Ï�t�u��aD D `�G�u���O.q¯
A A ö�D ! D ��G�u���
�Ø�s%ø�D ¯ A D = D2

1 ⇒ A = (LD1)(LD1)
T =

L1L
T
1 , � L1 Î `�Ï�t�u0�aOFk

A=




a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann




=L1L
T
1 =




l11 0 · · · 0

l21 l22 · · · 0
...

...
. . .

...

ln1 ln2 · · · lnn







l11 l21 · · · ln1

0 l22 · · · ln2

...
...

. . .
...

0 0 · · · lnn




��� D
lij = 0

(i < j).×
i≥j
m D . aij =

n∑
k=1

likljk =
j∑

k=1
likljk =

j−1∑
k=1

likljk + lijljj, � lijljj = aij−
j−1∑
k=1

likljk.

î » ¯
j.
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¯ A%n�4 î r lij :





ljj =
(
ajj −

j−1∑
k=1

ljk
2
) 1

2 ;

lij = (aij −
j−1∑
k=1

likljk)/ljj (i>j).
(j = 1, 2, · · · , n) � j

î

ò . L1y = b, LT
1 x = y, �





yi = (bi −
i−1∑
k=1

likyk)/lii (i = 1, 2, · · · , n).

xi = (yi −
n∑

k=i+1
lkixk)/lii (i = n, n−1, · · · , 2, 1).

C�D w�E 5 : 
x = (x1, · · · , xn). ö�÷GF  x � p - E 5 : ‖x‖p 4

=
( n∑

i=1
|xi|p

) 1

p .

�
‖x‖1 =

n∑
i=1
|xi|; ‖x‖2 =

( n∑
i=1
|xi|2

) 1

2 ; ‖x‖∞ = lim
p→∞
‖x‖p = max

1≤i,j≤n
|xi|.

d�e�w�E 5 :

 
A =




a11 · · · a1n

...
. . .

...

an1 · · · ann


 . ö%÷%�0� A � Frobenius H%-%`%� ‖A‖F 4

=

√
n∑

i,j=1
aij .

I�J
: ρ(A) ≤ ‖A‖F .
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K L M N O P Q R S T U V W

§ 1 XZY[�\�]�^�_
Ax = b `�a�b�c�d�e ]�^ x = Bx + f , f�g�h�i�j�k�l�m

n�o�prq�s�t�u�v�w�x�o
x(0)=




x
(0)
1

x
(0)
2

...

x(0)
n



l�y ]�^�z�{ p}|�~ x(1)=Bx(0)+f , x(2)=Bx(1)+f .

v�����p��
x(k+1) = Bx(k) +f (k = 1, 2, 3, · · ·). � lim

k→∞
x(k) = x∗, f x∗ = Bx∗ + f ,

q
x∗ =




x∗1

x∗2
...

x∗n




��� ]�^�_�� o��

§ 2 �%�%�Z�%���%����� - �%���Z�%���
1. �����������
 ]�^�_

Ax = b, � o����� ¢¡ A =




a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann




= D−L−U,

£G¤ p

D=




a11 0 · · · 0

0 a22 · · · 0
...

...
. . .

...

0 0 · · · ann



, L=




0 0 · · · 0

−a21 0 · · · 0
...

...
. . .

...

−an1 −an2 · · · 0



,U=




0 −a12 · · · −a1n

0 0 · · · −a2n

...
...

. . .
...

0 0 · · · 0



.

f Ax = (D−L−U)x = b⇒ Dx = (L+U)x + b⇒ x = D−1(L+U)x + D−1b.~
B0=D−1(L+U), f = D−1b, ¥ x = B0x+f . ¦ � p ¥�§�¨ � �������

��©�ª :

x(k+1) = B0x
(k) + f .

��«�¬�­ x
(k+1)
i =

1

aii

(
bi −

n∑

j=1

j 6=i

aijx
(k)
j

)
(i = 1, 2, · · · , n).
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2. ®�¯ - °�±�²������
��³�´�gGµ¶k�l�·�­�¸ x

(k+1)
i =

1

aii

(
bi−

i−1∑

j=1

aijx
(k)
j −

n∑

j=i+1

aijx
(k)
j

)
.

¹�º�»
x

(k+1)
i ¼ p¾½ ¦ x

(k+1)
1 , · · · , x(k+1)

i−1 ¿ÁÀ pÂ|�Ã�Ä µ x
(k)
1 , · · · , x(k)

i−1 ÅÆ p ¦ � ´�gÇµ¶k�l�·�­�g�È�c�¸
x

(k+1)
i =

1

aii

(
bi−

i−1∑

j=1

aijx
(k+1)
j −

n∑

j=i+1

aijx
(k)
j

)
, É�®�¯ - °�±�²�©�ª .

Ê�Ë�Ì ª : x(k+1) = D−1(b + Lx(k+1) + Ux(k)), Í�Î�¥�¸
(D− L)x(k+1) = b + Ux(k) ⇒ x(k+1) = (D− L)−1Ux

(k)
+(D− L)−1b = Gx

(k)
+f .

§ 3 �%���%Ï%ÐZÑ%Ò
h�i	����� ��Ó�Ô�Õ ¸  �Ö�×ZØ « ε(k) = x(k) − x∗.½

x(k)=Bx(k−1)+f , x∗=Bx∗+f , Ù�­�Ú�Û p ¥ ε(k)=Bε(k−1)=B2ε(k−2)= · · ·=Bkε(0).

f lim
k→∞

x(k)=x∗ ⇔ lim
k→∞

ε(k)=0⇔ lim
k→∞

Bk=0.

Ü�Ý
2 lim

k→∞
Bk=0⇔ ρ(B)<1.£G¤

ρ(B)
4
= max

{
|λ|

∣∣∣ λ c B
��Þ�ß�à }

, É B
��á�â�ã

.ä�å ½ ¦ s�t� G¡¶æ Ú�ç�¦ v�è1é�ê Ë , ë�Ú�ç  G¡ ��Þ�ß�à�ì�í pïî

ð�ñ�ò�ó ¹�ô
J =




λ 1

λ 1
. . .

. . .

λ 1

λ




¹ Ã�õ ¹
|λ|<1 ¼ p lim

k→∞
Jk = 0.

~
Et1

4
=




0 1

0 1
. . .

. . .

0 1

0




t×t

,
~

Etk
4
= Ek

t1. f Et2=E2
t1=




0 0 1

0 0 1
. . .

. . .
. . .

0 0 1

0 0

0




t×t

.

Þ�ö p ¹
k≥t ¼ p Etk=0. ¦ �

Jk=(λIt+Et1)
k=

k∑
j=0

(
k

j

)
(λIt)

k−jEj
t1=

k∑
j=0

(
k

j

)
λk−jEtj=

t−1∑

j=0

(
k

j

)
λk−jEtj,

÷ t (
k

j

)
=
k(k−1)· · ·(k−j+1)

j!
≤ kj,

|�Ã ¹
|λ|<1 ¼ p lim

k→∞
kjλk=0,

q ¥ lim
k→∞

Jk=0.
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Ü�Ý o�ø Õ�]�^�_�� ����� x(k+1)=Bx(k)+f
Ó�Ô

⇔ρ(B)<1.

ùZú%û%ü
(P217)

1. ýÿþ o [�� ø Õ�]�^�_�� ��������� ·�­�� ®�¯�� °�±�²���� ·
­�¸





5x1 + 2x2 + x3 = −12;

−x1 + 4x2 + 2x3 = 20;

2x1 − 3x2 + 10x3 = 3.

� � ]�^�_G¤��
	��

��
� d�­ z�� p;q




5x1 = −2x2 − x3 − 12;

4x2 = x1 − 2x3 + 20;

10x3 = −2x1 + 3x2 + 3.

���Á����p ¥




x1 = (−2x2 − x3 − 12)/5;

x2 = (x1 − 2x3 + 20)/4;

x3 = (−2x1 + 3x2 + 3)/10.

¦ � (1) ���������1·�­�c�¸




x
(k+1)
1 = (−2x

(k)
2 − x(k)

3 − 12)/5;

x
(k+1)
2 = (x

(k)
1 − 2x

(k)
3 + 20)/4;

x
(k+1)
3 = (−2x

(k)
1 + 3x

(k)
2 + 3)/10.

(2) ®�¯�� °�±�²���� ·�­�c�¸




x
(k+1)
1 = (−2x

(k)
2 − x(k)

3 − 12)/5;

x
(k+1)
2 = (x

(k+1)
1 − 2x

(k)
3 + 20)/4;

x
(k+1)
3 = (−2x

(k+1)
1 + 3x

(k+1)
2 + 3)/10.

�  G¡ � o A = LLT ,
£G¤ 

 2 −1

−1 1


 .

� �
A =


 2 −1

−1 1


 = LLT =



√

2 0

a b





√

2 a

0 b


 .

f ½ −1 =
√

2a, ¥ a= −
√

2

2
,
½

1 = a2+b2 =
1

2
+b2, ¥ b =

√
2

2
,
q

L =


√

2 0

−
√

2
2

√
2

2


 .
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K � M � � T T � � � � � � � �

§ 1 XZY
1.  "!"# 

A
�

n $ ] ¡ïp f v � n % ]�^ ϕ(x) = |λI−A| = 0
�'& ¸ λ1, λ2, · · · , λnÉ A

�  "!"# .Ü�Ý
1 (1)

n∑
i=0

λi =
n∑

i=0
aii = Tr(A), É A

��(
;

(2)
n∏

i=1
λi = |A| = Det(A);

3) Ú�ç  G¡Á� Ú*) ��Þ�ß�à �
2.  "!"+", 

λ
� ] ¡

A
� v�è Þ�ß�à p f ø Õ�]�^�_

(λI−A)x = 0

�"�"- o É A
��."/  "!"# λ 0" "!"+", . 1 ¼ Ax = λx.2"3 p � x
�

A
�"4 ¦ λ

��Þ�ß Ø « p f kx 5 � A
4 ¦ λ

��Þ�ß Ø
« �Ü�Ý

3 6 A
�"7 è Þ�ß�à

λ, 8"9 i, : |λ− aii| ≤
∑
j 6=i

|aij|.;"<"=�p  
x = (x1, x2, · · · , xn)T

�
A
�"4 ¦ Þ�ß�à λ

��Þ�ß Ø « p xi�"> 6 à"?
@�� ��« p f ½
(λI−A)x = 0⇒ (λ− aii)xi =

∑
j 6=i

aijxj ⇒ |λ− aii| ≤
∑
j 6=i

aij

|xj|
|xi|
≤
∑

j 6=i

|aij|.

§ 2 A%�CBEDFA%�
1. G��H"I ð n ?
@�Þ�ß�à
J�?
@�Þ�ß Ø « � 

A
��K�L Þ�ß Ø « _ p�q A

��Þ�ß�à
λ1, λ2, · · · , λn §�6�M ��Þ�ßØ « x1, · · · ,xn. N 4 �O  

|λ1| > |λ2| ≥ |λ3| ≥ · · · ≥ |λn|.
s�u�w�x Ø « v0, g�a�b�c

v0 = α1x1 + · · ·+ αnxn.
�

v1 = Av0, v2 = Av1, · · · , k�l�¥
87



vk = Avk−1 = · · · = Akv0 = α1λ1
kx1+· · ·+αnλn

nxn = λ1
k
[
α1x1+

n∑
j=2

(λj

λ1

)k
xj

]
.

½
|λj

λ1
| < 1 (j > 1)⇒ lim

k→∞

vk

λk
1

= α1x1

q ¹
k P�� @ ¼ p vk ≈ α1λ1

kx1 c A
�

λ1

��Þ�ß Ø « � ~ vk Q i
è ��«�c (vk)i, f (vk+1)i

(vk)i

≈ λ1+o(k)→ λ1 (k →∞),

ë (vk)i ≈ α1λ1
k(x1)i + (εk)i. ÉRG�� .S

: (1) � A
��	�Þ�ß�à cUT & ¸ λ1 = λ2 = · · · = λr f vk = Akv0 =

n∑
j=1

αjλj
kxj = λk

1

[ r∑
j=1

αjxj +
n∑

j=r+1

(λj

λ1

k)
xj

]
⇒ lim

k→∞

vk

λk
1

=
r∑

j=1

αjxj
4
= x, V � A

�
4 ¦ Þ�ß�à λ1

��Þ�ß Ø « �
(2)
¹

k →∞ ¼ p � |λ1| 6= 1, f vk →∞ W vk → 0. (
£ ��« )

§ �Áv���Ä"X"Y"Z vk,
q

vk =
vk

max(vk)
,
£G¤

max(vk) c Ø « vk

> 6 à?"@�� ��« �
2. ["G��
� ð n�\�] ?�^���Þ�ß�à�J�£�Þ�ß Ø « p f Ä j [�G�� .

 
|λ1| >

|λ2| ≥ |λ3| ≥ · · · ≥ |λn|,
Ä�n

λn =?
J

xn =?½ ¦ A−1
��Þ�ß�à c ∣∣∣

1

λn

∣∣∣ >
∣∣∣

1

λn−1

∣∣∣ ≥ · · · ≥
∣∣∣
1

λ1

∣∣∣,
Þ�ß Ø « xn, · · · ,x1, f

½�½`_"a k�l�·�­�¸




vk = (A−1)kvk−1

uk =
vk

max(vk)

V � lim
k→∞

uk =
xn

max(xn)
, lim

k→∞
max(vk) =

1

λn

.

b"c
: (x)i :

Ø « x
� Q i

è ��« �
max(x) :

Ø « x
� > 6 à"?
@�� ��« �u

v0 6= 0, u1 =
Av0

max(Av0)
, · · · , uk =

Akv0

max(Akv0)
.

f lim
k→∞

uk =
x1

max(x1)
, lim

k→∞
max(Akv0) = λ1.
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( dEeFf )

gEhFi�jFkCl
( m�n`o�p`q*p�r�s*tvu*p�p
w )

2005 x 12 y
z { | } ~

�"�"�"���"���"�"�"�"���
���
�
�����
�
� �"�"�"�
�
���
�
���
���
�
���
���
�
�` "¡"¢"£"¤¦¥"§"¨
§"©
ª
«
�¦§
©
¬
­"�¯®
°
­"±
²
§
©"³
�¯±
²

´"µ �v¶v·"±
²�¸
¨ ´ ³
��¹�¹
�
º¼»¾½¾¿¾À"Á"Â�Ã �¾Ä¾�¾�

( Å¾Æ¾Ç ) È¾É¾Ê ½ �ÌË�Í�§"©"±
Î"¢RÏÐ"Ñ �"�"�"Ò"Ó"�ÕÔ
Ö
×"�
�
Ø"Ù
Ú
Û"Ü
Ý
Þ
; ß"à º`»Fá"â �"�"�"�Õã�"ä"Ô"å"æ
ç�è
ç�é�ç�ê
ë
ì�í�ã
�

.§"©"­"î"�
�
¨�ï
ð
¡�¢òñ"ó Æ"Çõô�ö"÷"Æ"Ç .«"ø"³"ù"ú
û
³�ü*ý�¨�ï
ð þ`ÿ�����������¨
ï
ð
����	�
 �
¤
«
ø
§

x∗
ï
ð��

e(x∗),
ï
ð����

ε(x∗), 
�� ï
ð�� er(x
∗), 
�� ï
ð����

εr(x
∗).¥¾§
f(x∗)

¨¾ï¾ð�� ô�
�� ï"ð��
­������ ε(f(x∗)) ô εr(f(x∗)) =
ε(f(x∗))

|f(x∗)| .� � �"«"ø"§
x∗ = ±a1.a2 · · ·an × 10m

£
n � £��"§��
���

Æ"Ç�� : ε(x∗) ≤ 1

2
× 10m−n+1, ���"Æ"Ç�� : εr(x

∗) ≤ 1

2a1

× 10n−1.� ü"���
εr(x

∗) ≤ 1

2(a1 + 1)
× 10−(n−1),

�
x∗ ���� £ n ! Ï�""��# .

$
(P7)
¢�% √

20
¨"«"ø"©"¨ 
�� ï
ð&��' » 0.001,

Á�(�) � £��
§��+*
� , Á�(

n � £��
§��
� º.-�/ ¨�021�� ε∗r≤
1

2a1
×10−(n−1), 3 √20=4.??.4

a1=4.5 1

2 · 4 × 10−n+1 ≤ 0.001,
³�6

10n ≥ 1250, 7 n = 4
4�8 �

�"�"ã"�"� Æ
Ç&9 �
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(1)
,�:�;"«"ø
©

x∗1 ô x∗2 <�= ï"ð��"­���� ε(x∗1) ô ε(x∗1),
��þ>��?@ �"¤

ε(x∗1 ± x∗2) ≈ ε(x∗1) + ε(x∗2) ( A�B"Ê�C ( “− ” D ��E�F"£"ï );

ε(x∗1 · x∗2) ≈ |x∗1|ε(x∗2) + |x∗2|ε(x∗1);

ε(x∗1/x
∗
2) ≈

|x∗1|ε(x∗2) + |x∗2|ε(x∗1)
|x∗2|2

=
ε(x∗1/x

∗
2)

|x∗2|2
;

(2)
,

f(x)
��G�H"¥"§
�

f(x∗)
�

f(x)
¨"«"ø"©"���

ε(f(x∗)) ≈ |f ′(x∗)|ε(x∗).

�"�"�"��I�J�K&L
�&M�N
¤
(1) O�P ê"�"��Q � �&R�R�S&T�U�ê
�
��ê
���
(2) O�P�V�� �
� � è��
(3) O�P�W � “ X�Y ”

S"�"�
(4) Z ×�[�\"�
�&]�^���è�_
ã���`��
�

a2b+c+d
(P12)e

er(x
∗) =

e(x∗)

x∗
, er(f(x∗)) =

e(f(x∗))

f(x∗)
.f�g �&h>i

f(x∗) jlk�m�npo.q e(f(x∗)) ≈ |f ′(x∗)|e(x∗).

1. r�s 6 e(ln x∗) ≈ |(ln x∗)′|e(x∗) =
1

|x∗|e(x
∗) = er(x

∗) = δ.

2.
º

e((x∗)n) ≈ |((x∗)n)′|e(x∗) = n(x∗)n−1e(x∗),
6

er((x
∗)n) =

e((x∗)n)

(x∗)n
=
n(x∗)n−1e(x∗)

(x∗)n
=
ne(x∗)

x∗
= ner(x

∗) = 0.02n.

8. t�u Â�v�w - x�y�z�{�|�}�~ @ � 4
∫ N+1

N

1

1 + x2
dx = arc tan(N + 1)− arc tanN.

Ê�� ��� ��� N � ­����"� arc tan(N + 1) ô arc tanN
��:�� 
 «"¨«"ø"§"��������� r�s&
�� �8�� Â�- ¬
­ Ã © -�/ ¤ ∫ b

a
f(x)dx = f(ξ)(b− a), ξ ∈ [a, b]6 ∫ N+1

N

1

1 + x2
dx =

1

1 + ξ2
[(N + 1)−N ] ≈ 1

N2
.

12. t�u ( ú"û
© x =
√

2,
�

(
√

2− 1)6
ù 1

(
√

2 + 1)6 ��� 
 ¹"�
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�
f1(x) = (x− 1)6, f2(x) =

1

(x + 1)6
,
�

f1(
√

2) = (
√

2− 1)6, f2(
√

2) =
1

(
√

2 + 1)6
.� �"� t�u ( «
ø�© x∗ = 1.4,

�
f1(x

∗)
¨"ï"ð����

ε(f1(x
∗)) ≈ |f ′

1(x
∗)|ε(x∗) = |6(x∗ − 1)5|ε(x∗).

3 f2(x
∗)
¨"ï"ð����

ε(f2(x
∗)) ≈ |f ′

2(x
∗)|ε(x∗) =

∣∣∣∣∣
6

(x∗ − 1)7

∣∣∣∣∣ε(x
∗).�>� :�;"ï"ð��

ε(f1(x
∗))
ù

ε(f2(x
∗))
¨���'"����� �>�

|6(1.4−1)5|
ù

∣∣∣∣∣
6

(1.4− 1)7

∣∣∣∣∣
¨���' 4�8��&��� G�;�� u��&� �
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� � � �   ¡
,"¥"§

y = f(x)
½p¢ ý

[a, b] £ -�¤ ��¥�� �&� [a, b] £ n+ 1
;�¦"¤

a ≤ x0 < x1 < · · · < xn ≤ b

<�= ¥"§"©
¤ yi = f(xi) (i = 0, 1, · · · , n). t�§ ´ f(x)?º`» ú"û"¥"§
f(x)
� ~ @ Êp¨.© ¨
�¼Ë*Í.� C ´ G�;
«
ø�¥
§ © ª«

f(x).G�ª (¬«�­�®�¯ �
P (x) = a0 + a1x + · · ·+ an−1x

n−1 + anx
n ≈ f(x), ß %

P (xi) = yi = f(xi) (i = 0, 1, · · · , n) (1.1)� �
�
P (x)

�±°
� «�­�®
,
�

x0, x1, · · · , xn

�±°
��²�³
,
�

[a, b]
� °
�´�µ

,
¹ } (1.1)

���¶°"��·�¸
,
Ë Â ¨"±"Î
�¹°"�"�

.º�»�¼�½"¤ ¾
P (x) ¿ n ÀpÁ>ÂpÃ>Ä�Å P (x0) = 0⇐⇒ P (x) = (x− x0)Q(x).Æ�Ç Ä

P (x0)=P
′(x0)= · · ·=P (k)(x0)=0⇐⇒ P (x)=(x−x0)

k+1Q(x) (Q(x) ¿ n−k−1 ÀÈÁÂpÃ ).É�Ê
n = 1 Ë 2 Ì�Í�Î x0, x1 Ï�Ð�Ñ Ä�Ò�Ó P (x) = a0 + a1x ≈ f(x), ÔÕ�Ö�×�Ø
P (x0) = y0 = f(x0), P (x1) = y1 = f(x1). Ù�Ú�Û�Ü�Ì�Ý�Þ�ß�à l0(x)á

l1(x), â�ã
l0(x) =





1 ä x = x0

0 ä x = x1

l1(x) =





0 ä x = x0

1 ä x = x1å�æ Ò�ç�Ü�Ì�Ý�Þ�ß�à�è�é�Äëê�ì P (x) = y0l0(x)+y1l1(x) í�î�Ý�Þ�ß�à�Äï�ð
P (x0) = y0, P (x1) = y1. ñpò>Ô Õ�ó�ô&õ Ï&ö Ý�÷&Ä P (x) Ë�ø�ù�ú�ûü>ý É�Ê Ü�Ì�Ý&Þ�ß�à l0(x)

á
l1(x) Ï Ú�Û ØÙpò l0(x1) = 0⇒ l0(x) = (x− x1)Q(x).þ

l0(x) î�Ý�Þ�ß�à�Äÿù ü Q(x) ����î���à�Ä���ø c, Ë l0(x) = (x−x1)c.

ñpò 1 = l0(x0) = (x0 − x1)c⇒ c =
1

x0 − x1
⇒ l0(x) =

x− x1

x0 − x1
.

���
l1(x) =

x− x0

x1 − x0
. 	�


P (x) = y0l0(x) + y1l1(x) = y0
x− x1

x0 − x1
+ y1

x− x0

x1 − x0
.

��
 Ò�Ü�Ì�ß�à l0(x)
á

l1(x) ������Ä���ø�������û�����Î�î Ø�������� �!�"$#�%�&$'�(
1,
��)�!�"�#�%�&$'�(

0.
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* Ý,+ Ï n, - ß à,. ì lj(x) =
(x− x0) · · · (x− xj−1)(x− xj+1) · · · (x− xn)

(xj−x0) · · · (xj−xj−1)(xj−xj+1) · · · (xj−xn)
,

j = 0, 1, 2, · · · , n.
��
 é n+ 1 Ì�Í�Î x0, x1, · · · , xn

ð
lj(xi) =





1 ä i = j ;

0 ä i 6= j .

Ò�Ó�Ä�/ Ln(x) =
n∑

j=0
yjlj(x). ��ø10�2�3�465 '$7�8$9 .

��

Ln(xi) =

n∑
j=0

yjlj(xi) = yi. Ë Ln(x) â�ã�Ô Õ�Ö�× Ä ö Ý&û
:�ô

R(x)=f(x)−Ln(x)=
f (n+1)(ξ)

(n+1)!
(x−x0)(x−x1) · · · (x−xn), �<; ξ ∈ (a, b) =�>?�@

x.A<B
“ C�D�E�F ”G

(1) f(x) é [a, b] H�I�J�K
(2) f(x) é (a, b) L�.�M�K
(3) f(a) = f(b).

-

6

O

y

xa b

r rf(a) f(b)

q

ξ

ê�è�é ξ ∈ (a, b), N f ′(ξ) = 0.O�P
1 Q G f(x) é [a, b] H�R ð 1 S�M�à ï�ð 2 Ì�T�Î�Ä
ê f ′(x) é (a, b) L�U�V ð 1 Ì�T�Î�ûO�P
2 Q G f(x) é [a, b] H�R ð�W SXM�à ï�ð n Ì�T�Î�Ä�ê
f ′(x) é (a, b) L�U�V ð n− 1 Ì�T�Î�K
f ′′(x) é (a, b) L�U�V ð n− 2 Ì�T�Î�K
· · · · · · · · · · · · · · · · · · · · ·
f (n−1)(x) é (a, b) L�U�V ð 1 Ì�T�Î�û

Y G
a<c=

a+b

2
<b Z f(x) Ï 3 Þ�Ô Õ�ó�ô�õ H(x), â�ã

H(a)=f(a), H(b)=f(b), H(c)=f(c), H ′(c)=f ′(c),

ú H(x) [ :�ô R(x) = f(x)−H(x).\ ø�ú H(x), Ù�Ú�Û 4 Ì�-�ß�à
αa(x), αc(x), αb(x), βc(x), ]�ú�^�Ì
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-�ß�à�Þ�à�_�`$a 3,
ï =�b�édc����e Ï Ý�Ì Ö�× H&ì Õ 1, 
�é

��f Ö�× H�ì Õ 0, Ë
x a c b x c

H(x) f(a) f(c) f(b) H ′(x) f ′(c)

αa(x) 1 0 0 α′
a(x) 0

αc(x) 0 1 0 α′
c(x) 0

αb(x) 0 0 1 α′
b(x) 0

βc(x) 0 0 0 β ′
c(x) 1


�g ì H(x) = f(a)αa(x) + f(c)αc(x) + f(b)αb(x) + f ′(c)βc(x) Ë�.�ûÙ$h$i αa(x). ò αa(c) = α′
a(c) = 0 = αa(b) = 0, .$j αa(x) k$lnm õ (x −

c)2(x−b),
þ

αa(x) î 3 Þ�ß�à�Ä�m�o αa(x) = k(x−c)2(x−b) =
(x− c)2(x− b)
(a− c)2(a− b) ;

��� Ä&ò * �&÷�Äp.�q αb(x) =
(x− c)2(x− a)
(b− c)2(b− a) .

ñ�ú αc(x)=(x−a)(x−b)(kx+l)=(x−a)(x−b)
(c−a)(c−b)

[
k(x−c)+l

]
.

ò 1 = αc(c) = l, q l = 1. ò 0 = α′
c(c) =

1

c−a+
1

c−b+k = k, q αc(x) =

(x− a)(x− b)
(c− a)(c− b) .

� @ βc(x). r,s,q βc(x)=k(x−a)(x−c)(x−b)=k
(x−a)(x−b)
(c−a)(c−b) (x−c)=(x−a)(x−b)

(c−a)(c−b) (x−c).

m>ø 1 = β ′
c(c)=k

(c−a)(c−b)
(c−a)(c−b) = k.

� @ :�ô Ä�t$u R(x)=f(x)−H(x) =
f (4)(ξ)

4!
(x−a)(x−c)2(x−b).

v�w H�Ä�Z ϕ(t)=f(t)−H(t)− f(x)−H(x)

(x−a)(x−c)2(x−b)(t−a)(t−c)
2(t−b).

��

ϕ(t)
ð

4 Ì 0 Î a, c, b, x, mXo ϕ′(t)
ð

3+1 Ì 0 Î ( x�Ý�Ì 0 Î�î c),

.�q 0=ϕ(4)(ξ)=f (4)(ξ)−0− f(x)−H(x)

(x−a)(x−c)2(x−b) 4! . y � g Ë�q :�ô�z&õ û
{�|
}�~ {�| : f [x0, xk] =

f(xk)− f(x0)

xk − x0
;

� ~ {�| : f [x0, x1, xk] =
f [x0, xk]− f [x0, x1]

xk − x1
;

k ~ {,| : f [x0, x1, · · · , xk−1, xk] =
f [x0, x1, · · · , xk−2, xk]− f [x0, x1, · · · , xk−2, xk−1]

xk − xk−1

.
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��� {�| 7�8�9
f(x) = Nn(x) +Rn(x),

��; Nn(x) = a0+a1(x−x0)+a2(x−x0)(x−x1)+· · ·+an(x−x0)(x−x1) · · · (x−xn−1)
(
ak = f [x0, x1, · · · , xk], k = 0, 1, · · · , n

)
.


 Rn(x) = f [x, x0, x1, · · · , xn]ωn+1(x) = f(x) − Nn(x) î���� ó�ô�õ Ï Ô Õ$:ô û
�<;>Ä ωn+1(x) = (x−x0)(x−x1) · · · (x−xn).

ò @ f [x0, x1, · · · , xk] =
f (k)(ξ)

k!
, ξ ∈ [a, b], ù ü

Rn(x) = f [x, x0, x1, · · · , xn]ωn+1(x) =
f (n+1)(ξ)

(n+ 1)!
ωn+1(x).

1. ��� }������ 7$8�9G
f(x) ∈ C2[a, b], = f ′′(x) é (a, b) L�����Ä G��� Ý�Þ���� ó&ô�õ P1(x) = a0+a1x,

ð
n+2=3 Ì��������� | #�� l<������Î�Ä�Ë

a = x1 < x2 < x3 = b. r�s�j f ′(x2) = a1, ñpò
P1(a)− f(a) = −[P1(x2)− f(x2)] = P1(b)− f(b), q




a0 + a1a− f(a) = −a0 − a1x2 + f(x2);

a0 + a1a− f(a) = a0 + a1b− f(b).

� q a1 =
f(b)− f(a)

b− a = f ′(x2), a0 =
f(a) + f(x2)

2
− a1

a+ x2

2
.

@ î P1(x) = a0 + a1x =
f(a) + f(x2)

2
+ a1

(
x− a+ x2

2

)
.
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2. ��� }��������$� 7�8$9��� (
: ‖f(x)− P (x)‖2 4

=
√∫ b

a [(f(x)− P (x)]2dx .G
P1(x) = a0 + a1x. ø����¡ �� a0, a1, Z ó�¢ ß�à

I(a0, a1)
4
= ‖P1(x)− f(x)‖22 =

∫ b

a

[
a0 + a1x− f(x)

]2
dx.É�Ê

I(a0, a1) Ï ��£ Õ û&ò 7�¤ ����¥ '�!$¦�§$¨�© , /
∂I

∂a0
=2

∫ b

a

[
a0+a1x−f(x)

]
dx = 0;

∂I

∂a1
=2

∫ b

a
x
[
a0+a1x−f(x)

]
dx = 0.

y � g .�q�ª�� @ a0, a1 Ï 2
¤�«�¬ ��­�® :



a0

∫ b
a dx+ a1

∫ b
a xdx =

∫ b
a f(x)dx

a0

∫ b
a xdx+ a1

∫ b
a x

2dx =
∫ b
a xf(x)dx
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4. ¯�° #

E�± : ²�ú�³ z�õ ∫ b

a
f(x)dx≈

n∑

k=0

Akf(xk) R ð 2n+1 Þ�´�à�µ�¶�Ä ê���ød¯
°�· 9 , �<; Ï ú�³�Í&Î��&ø¸¯�° # .

5.
���º¹¼»�½ °�· 9

��� [a, b] Z n ¾�¿�ÄÀq�Í�Î�¾$Á Ï Ô Õ�Â ú�³ z�õ ÄÃ� ���º¹¼»�½
°�· 9 .

C
(n)
k =

Ak

b− a =
1

b− a
∫ b

a
lk(x)dx =

(−1)(n−k)

nk!(n−k)!
∫ n

0

n∏

j=0

j 6=k

(t−j)dt. ��Ä���Å�Æ

à�û
ä n = 1 Ó�Ä�q�Ç Ñ z�õ�Ø T=

b− a
2

[
f(a) + f(b)

]
.

ä n = 2 Ó�Ä�q�È�É�Ê z�Ø S =
b− a

6

[
f(a) + 4f

(a + b

2

)
+ f(b)

]
.

6.
A�Ë�Ì�Í�Î�Ï�Ð$Ñ 2�Ò ÎÓ B�Ô�Õ�Ö

( ×<Ø�Ù<Ú�Û�Ü ).

1. Ý�0�· 9

2. Þ�ß ! Ý�0�· 9
²�/ yn+1−yn

xn+1−xn

=f(xn+1, yn+1), ê ð yn+1=yn+hf(xn+1, yn+1). �dÞ�ß ! Ý
0�· 9 .à�á

:
g�â Ï�ã�ä z�õ î¸å 9 Ï�æ m>ø z�õ$ç�è l ð yn+1.

3. é�ê�· 9ë�ì Ü�í ã�ä z�õ æ qîé�ê�· 9 : yn+1 = yn+
h

2

[
f(xn, yn)+f(xn+1, yn+1)

]
.à�á

: Ç Ñ z�õ�ï î¸å 9 Ï�æ m>ø z�õ�ç�è l ð yn+1.

4. ð�ñ ! Ý�0�· 9
ò @ é�ê�· 9 ç ��í�l ð yn+1, _���ò�ó�ô�õ�´�ö�û þ ²$ô¸Ý�0�·9 h�i÷é�ê�· 9 ç�è Ï yn+1 = yn + hf(xn, yn), ø�q
yn+1 = yn +

h

2

[
f(xn, yn) + f(xn+h, yn+hf(xn, yn))

]
.

�ùð�ñ ! Ý�0�· 9 .
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2.
��� · 9ú�û
f(x)=0. ² f ′(xk) 6= 0, ê

xk+1=xk−
f(xk)

f ′(xk)
, � ��� · 9 .

ü�ý á ±
s�q f(xk)

xk−xk+1
=f ′(xk).

ø xk+1 î<þ�ÿ y=f(x) é�Î (
xk, f(xk)

)

��� ÿ�� x � Ï�� Î�û
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² A î * �������
	 æ ê A = LLT , �<; L ø ý���� 	�û
Ò�Ó æ ò Ax = b⇒ (LLT )x = b, � LTx = y, q
Ax = b ⇐⇒





Ly = b

LTx = y
( 
�î ��� ú�û )

��\ Ò Î :

A=




a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann




=LLT =




l11 0 · · · 0

l21 l22 · · · 0
...

...
. . .

...

ln1 ln2 · · · lnn







l11 l21 · · · ln1

0 l22 · · · ln2

...
...

. . .
...

0 0 · · · lnn




E�F � ÿ�÷ ú�û�������� Î x(k+1)=Bx(k)+f ��� ⇔ρ(B)<1.

�
�����
(P217)

1. ��� �"!"# ÿ"$ ú û"�"� %"&"'"�"� (")"* +",.-0/"1"2"�"� ()�3




5x1 + 2x2 + x3 = −12;

−x1 + 4x2 + 2x3 = 20;

2x1 − 3x2 + 10x3 = 3.

4 5�6�7 �98;:�<�=�>�?�@�A�)�B�C�D E




5x1 = −2x2 − x3 − 12;

4x2 = x1 − 2x3 + 20;

10x3 = −2x1 + 3x2 + 3.

F9GIH�J D K




x1 = (−2x2 − x3 − 12)/5;

x2 = (x1 − 2x3 + 20)/4;

x3 = (−2x1 + 3x2 + 3)/10.L�M
(1)
%�&�'����N(�)�O�3





x
(k+1)
1 = (−2x

(k)
2 − x(k)

3 − 12)/5;

x
(k+1)
2 = (x

(k)
1 − 2x

(k)
3 + 20)/4;

x
(k+1)
3 = (−2x

(k)
1 + 3x

(k)
2 + 3)/10.

(2)
+�,P-RQ�1�2����S(�)�O�3





x
(k+1)
1 = (−2x

(k)
2 − x(k)

3 − 12)/5;

x
(k+1)
2 = (x

(k+1)
1 − 2x

(k)
3 + 20)/4;

x
(k+1)
3 = (−2x

(k+1)
1 + 3x

(k+1)
2 + 3)/10.

T U9VIW � A = LLT , X 8

 2 −1

−1 1


 .
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4 Y
A =


 2 −1

−1 1


 = LLT =



√

2 0

a b





√

2 a

0 b


 .

Z�[
−1 =

√
2a,
K

a= −
√

2

2
,
[

1 = a2+b2 =
1

2
+b2,

K
b =

√
2

2
,
E

L =


√

2 0

−
√

2
2

√
2

2


 .
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